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Abstract:

| adopt a supergame theoretic model to study: (i) how product dicerentiation azects the
stability of cartels, either in prices or quantities, when market demands are subject to observable
shocks; (ii) whether collusive agreements are less or more sustainable during booms as opposed
to busts. | prove that, albeit ..rms selling stronger substitutes tend to ..nd it easier to collude,
there exists a non-monotone relationship betlen the degree of product dicerentiation and the
critical discount factor. Moreover, | prove that, under Bertrand competition, collusion is always
more stable in periods of low demand, while, under Cournot competition, quantity wars occur
in booms only if products are su¢ciently homogeneous. Finally, from a comparison betlen price
and quantity competition, | prove that whether cartels in quantities are more stable than in
prices crucially depends on the sign and the amplitude of the shock: product di=erentiation
matters only in the case in which the demand turns out to be quite stable.
Keywords: cartel stability, product dicerentiation, uncertainty, price and quantity wars.

JEL Classi..cation: D43, L41
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1. Introduction

The eoects of product dicerentiation on the stability of implicit collusion have been investigated
in several papers, either under Cournot or Bertrand competition (Deneckere, 1983; Chang,
1991; Ross, 1992; Lambertini, Poddar and Sasaki, 1997, 1998, among others). In the light of
the existing literature, however, almost nothing can be said about when uncertainty is intended
to be explicitely accounted for. With very few exceptions (see Raith, 1996), uncertainty has
been dealt with in repeated games without product dicerentiation. Yet, most of the actual
oligopolistic ..rms competes or colludes on segmented markets facing some kind of uncertainty.

In this paper, | aim at moving the analysis along the intersection between two streams of
research almost completely disjointed up to now: the one focussing on product dizerentiation
in a deterministic setting and the one focussing on uncertainty in a setting with homogeneous
products.

The existing deterministic literature has arrived to consider product heterogeneity as a fa-
cilitating factor w.r.t.collusion. The empirical evidence (see Hay and Kelley, 1974; Symeonidis,
1998), in line with the informal conventional wisdom (see Scherer and Ross, 1990), has con-
trasted such a theoretical prediction, showing how oligopolistic ..rms tend to ..nd it tougher to
collude the higher the degree of product dicerentiation.

According to Symeonidis (1999), one possible reason of the discrepancy between game theo-
retic results and the empirical evidence (and also the conventional wisdom) could have been an
excessive emphasis on horizontal rather than vertical dicerentiation. Indeed, much less atten-
tion has been paid to understand whether quality dicerences may enhance cartel stability. The
state of the art does not authorize one to draw general conclusions: Hackner (1994) found that
when quality acects ..xed costs, as the quality dicerential increases, it becomes more diC¢cult to
sustain price collusion?; Ecchia and Lambertini (1997) found the opposite, the crucial dicerence
consisting in the type of cost function adopted®. Another possible explanation of the aforemen-
tioned discrepancy, more relevant to my paper, has been formulated by Raith (1996). In his
paper, the author proposed to extend the framework of spatial dicerentiation a la Hotelling

to a setting with stochastic demand. As a result of the introduction of uncertainty into the

2Symeonidis (1999) extends Hackner’s results.
3Quality amects marginal rather than ..xed cost.
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analysis, horizontal product dicerentiation has been shown to hinder cartel stability.

Turning to the exects of uncertainty on the stability of implicit collusion, whether a price or
guantity agreement is more sustainable during booms as opposed to busts is far from trivial, even
dealing with homogenous products. The two key papers in this respect are that by Rotemberg
and Saloner (1986) and that by Green and Porter (1984). In the latter, when ..rms realize that
their pro..ts are low they do not know if this is due to a bad shock or to a rivals price reduction
(quantity increase). Therefore, given that the shock is never observable, price wars occur when
demand is unexpectedly low. Conversely, in the former, at each period ..rms take their decisions
once the current shock has become common knowledge; nevertheless, the level of demand from
the successive period onwards, is a priori undetermined. Hence, in choosing about collusion,
each ..rm compares the deterministic gain from deviating with the discounted expected value
of the consequent losses due to the punishment phase*. Since such a value is independent of
the shock realization, the higher the observed demand level, the higher the incentive to deviate,
i.e., the lower the stability of collusion. The empirical evidence suggests that cartels tend to
breakdown in periods of high demand (see Tirole, ch.6, 1988).

In order to gain further insight into how product dicerentiation acects the analysis of
collusive behavior, I propose a simple duopoly model with a representative consumer whose
preferences are described by means of a quadratic utility function. | let the resulting linear
market demands for dicerentiated products be subject to a macro observable® shock on their
intercept term and ..rms playing an in..nitely repeated game in marketing, either in prices or
quantities. The present analysis reveals that some implications drawn from previous determin-
istic models, in particular those that heterogeneity tends to facilitate collusions, turn out to be
not robust to a stochastic setting. Furthermore, it reveals that, under Bertrand competition,
collusion is always more stable in periods of low demand, while, under Cournot competition,
whether price wars really occur in booms depends on the degree of product dicerentiation.

Finally, the analysis deals with a comparison between the two kinds of competition, showing

4The perfect observability of the shock allows each ..rm to recognize any kind of deviation. If the shock were
not perfectly observable, marginal deviations could not be detected.

°A further important dicerence between Raith’s model and mine is that | assume perfect observability of
the shock while he introduces imperfect monitoring, so, in his model, ..rms are not able to discriminate between
random demand shocks and marginal deviations. In my model, instead, any deviation is detected with probability
1. Therefore, Raith’s model follows Green and Porter (1984) while my model is in Rotemberg and Saloner’s vein.
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that whether cartels in quantities are more stable than in prices crucially depends on the sign
and the amplitude of the shock.

The remainder of this paper is structured as follows: the model is laid out in section 2;
section 3 studies the ewects of demand uncertainty on the stability of collusion; section 4
compares the two kinds of competition; section 5 investigates upon product dicerentiation and

section 6 provides concluding remarks.

2. The model

| employ a quadratic utility function for a representative consumer as in Bowley (1924), Dixit

(1979) and Singh and Vives (1984):
1
U=aq +ags — 5(@% +2yq1g2 + bg3) + Y 0.1)

where Y is the numeraire good. Without any loss of generality, let parameters a and b be

unitary. Given such restrictions, (1) yields the following inverse demand function ( py = 1):

pi=l—qg—vq 1=12 0.2)

where v € [0,0.91667] represents the degree of substitutability (or standardization) between
the product ozered by ..rm i and the product ozered by ..rm j, as perceived by the consumer®.
Since | am interested in exploring the link betlen product dizcerentiation and the stability of
collusion in a setting with market demand uncertainty, | introduce a random shock to the

intercept term of (2), as follows’:

pi=1+8—q—vqg i=12 0.3)

6+ € [0,0.91667] because for v > 0.91667 the non negative constraint on cartel quantities becomes binding.
"Such a perturbated market demand dates back to Klemperer and Meyer (1986). Another interesting speci-
..cation could have been: p; = 5(1 — ¢; — vg;) with s # 0.

1298



where s is the observable shock. By inverting (3), the direct demand function obtains:

1 o
—it _772 (pj—3) i=1,2 (0.4)

1 ~
6= (145) -

147 1

| assume that 5 has domain [—6,6] and a uniform distribution function® dF(3), with 6 ¢
[0, lio]. Moreover, | assume that s be independently and identically distributed.

Without any loss of generality, | also assume that production entails constant marginal
cost®, normalized to zero for the sake of simplicity.

There are neither ..nancial constraints nor entry threats into the model. This amounts to
saying that, during recessions, ..rms face any kind of bankruptcy risk, while, during booms,
they are allowed to act regardless of the behaviors of their potential competitors.

I model ..rms interactions on the marketplace as a repeated game over an in..nite horizon,
either in prices or quantities. The time structure is as follows. At the beginning of each period,
each ..rm learns the realization of 5 (more precisely s; becomes common knowledge). After
having observed s;, ..rms simultaneously choose their prices (quantities) from the strategy
space (2. The choices of both ..rms then become common knowledge and the stage game is
repeated.

There are really just three prices (quantities) which matter in this model. Denote these
with «, 8, ¢ € 2. When « is chosen by both ..rms, the expected value of joint pro..ts results
maximized. Supposed « be the price (quantity) to which ..rms would like to commit in the long
run. Depending on the value attached to the future, expressed by ¢ € [0, 1], ..rm i(j) could ..nd
it more pro..table to breakdown the implicit agreement, playing its deviation strategy, 3, given
the rival plays the cartel strategy. Once cheated, both ..rms are aware of the fact that a kind
of punishment phase will take place for a certain horizon: let ¢ € ® C Q be such a punishment
strategy, with ® being the punishments set. Of course, cooperation will be sustained in the
repeated setting for su€ciently severe punishments. As in Rotemberg and Saloner (1986), the
losses from being punished depend on the expected value of 5, as well as for the cartel pro..ts,

while the gains from cheating are a function of its current realization, s;.

2
SdF(g) = % with E[s] = u = 0; Var[s] =0’ = %

°In particular, | assume that there are no capacity constraints, so each ..rm is allowed to face the entire
demand function also during booms.
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Let us consider grim strategies (Friedman, 1971): each ..rm goes ahead in playing a until
0 is detected, say at time ¢. In this case, the ..rm being cheated reverts to the one shot
Nash equilibrium strategy from time ¢ + 1 to in..nity. According to this, the critical threshold

of the discount factor under either Cournot or Bertrand competition turns out to be: 6" =
R — B[]
1R — E[I]
Nash equilibrium pro..ts and K = {B, C'} indicates the kind of competition. By denoting the

, Where superscripts D, M, N stand for deviation, monopoly (cartel) and one-shot

minimum value of ¢ that supports the cartel pro..t as a subgame perfect equilibrium in the
in..nitely repeated game, 6* measures the scope of collusion. The higher such a value, the lower
the likelihood of collusive agreements. In order to compute it, the preliminary task is to ..nd out

the level of the deterministic pro..ts under the dicerent regimes. Straightforward calculations

1+s:\2
Yy = 0.5
© <2+7> (05)

lead to:

257 — 1 — 8;)2
Hg — (7—’_ St’}/ St) (06)

(v =2 (1=

M - (Y4287 — 1 — 5)°
C,B — 2
d(v=1)"(1+~)

(0.7)

2_9_ 925 4+ 4 s7)°
16(y—1)"(1+7)

(7 + 25y — 2 — 25;)*

Vv € (0,5
1l = 126&—575)(_11—_7)25 e (0.9)
(1+ 2s;) =L 74;2 L Yy € (5,0.91667]

where 7 = 0.6821 in case of negative shock, and 7 = 0.76865 in case of positive shock. Parameter
~ denotes the threshold above which the non negative constraint on the quantity of the ..rm
being cheated becomes binding. In the deterministic case, ¥ = v/3 — 1 (see Deneckere, 1983).
Notice that the region where the deviating ..rm remains monopolist is greater the lower the
realization of the shock. The meaning of superscripts N, M, D and subscripts C, B, has been

previously speci..ed and still holds. Looking at the deviation pro..ts, it is immediate to verify

that when s; = 0, then TIZ = Lﬂ:’ ne = (r=2° Vy € (0,4/3 — 1] and
16 (1 +7) 16 (1+7) (1 —7)
2y —1 . L
ne = Z 5 Yy € (V3 — 1,1], which correspond to the deterministic case (see Deneckere,
Y
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1983).
Now, the second step is to compute the level of the expected pro..ts under both the monopoly
and the competitive regime!®. This is done by applying the usual formula for the expectation

of a generic function ¢(z), € R being a random variable:

(%
Eg[IE) = / 112 (3)dF(3)d3 (0.10)
“o

where superscript R = {M, N} denotes the regime. Simple calculations lead to the following
. . 1
expressions, which hold V(0, s;)| s; < 6 € [0, 1—0]:

02
B[] = YR ?;r 3 (0.11)

2 2.2 2 2
B[Hg]:i’)’y + 40°~* — 6y — 40 72—1—9 +3 (0.12)
’ 3(1=72)(v—2)

40%4% + 3v% — 6y — 40%y + 3+ 62

BT 5] = (0.13)
’ 12(y = 1)* (L +7)
o . . 1
As before, it is immediate to verify that when ¢ = 0, then ELIIY] = o EAIN] =
1 ;7 : Esv[HM] = L which correspond to the deterministic case (see Singh and
(y=27"(y+1) 4(1+7)

Vives, 1984). Of course, given the constraint s; < 6, if # vanishes s; does likewise, and the same
expressions can be obtained by canceling out s; in (5), (6), (7).

Without imposing any restriction on the range of parameters, the analytical expression for

*- appears quite cumbersome!!. Hence, let us consider the case § = 1—10 meaning that the

demand level is allowed to fuctuate, either upwards or downwards, up to 10%. Notice that

the ..xing of 6 does not acect the qualitative properties of the model, albeit it makes life much

easier. In what follows, | plot &% against v (the independent variable), for dicerent values'?

10Notice that since deviation occurs after having observed the realization of the shock, the corresponding level
of the expected pro..t is a degenerate stochastic function.

11 report only the expression for §&5; the one for &5 is available upon request. o =
(2454377 —67° —2457+37* — 672 5+67° s +125% 1252y +35%7% —160%7° 41262y — 462 ) (v+2)?
5(96+485)—1602+~2(24(1—~) —372(7T—~v2 —6~) —965—245(7y+5)+3725(6+2v+5)+1602 (2—~2))

2
Notice that when § = s =0, 65 = % which corresponds to the deterministic case.

12The curves closer to the thick line corresponds to the lower values of s;. The rationale is that the higher the
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of negative shocks. The highest ..gure is for Cournot competition, while the row below is for

Bertrand competition:

0.8
0.6]
0.4
0.2
00
I | 1
08 0.8
0.6 0.6
0.4 0d
0.2 0.2
00 0 07 0.75 08 0.85 0.9

where the thick line represents the deterministic case. All the information | need is contained
into this graphical analysis'®. Next three sections will deal with such an information from three

dioerent perspectives, aiming at answering three distinct questions.

3. Is competition more pervasive during booms?

Rotemberg and Saloner (1986) concludes that with linear market demand and linear marginal
cost, competition is always more pervasive in booms, independently of whether ..rms set prices
or quantities.

In this section, | test the robustness of their result in case of dicerentiated products. |

show that, under Cournot competition, when products are almost independent, the result is

amplitude of the shocks, the greater the dicerences w.r.t. the deterministic case.
13The ..gures referred to positive shocks are specular to those referred to negative shocks, therefore omitted.

1302



reverted, while under Bertrand competition, it is con..rmed regardless of the degree of product

dicerentiation.

Proposition 1 At time ¢, for all v € (0,0.91667] and for all s; € [—%O, 1—10], consider the size
of the market grows: under Cournot competition, whenever v € (0,0.02769 7| the likelihood
of collusion increases, while it decreases whenever v € (0.027697,0.91667]); under Bertrand

competition, the likelihood of collusion always decreases.

P roof. Competition is more pervasive during booms as long as the critical discount factor

. - &3 - :
is increasing in s;; —= > 0. Let me move from Cournot competition. It is easy to ..nd the
St
following:
6*
sign(=2) = sign(30473 — 5922 + 3057y — 8) = sign(Z)

aSt
(30443 — 59292 + 305y —8) =0 — v = 0.02769 7

Plot of = :

*

¥ a6
850 <0 Vy € (0,0.027697]; aSC >0 Vy € (0.027697,0.91667).
t t

(i) unconstrained region:

Turning to Bertrand competition, consider ..rst the range v € (0,7]

06
By _ _ o763 152 3. _303.2 454 .2 . 1509 181 301301\ _
D5, ) = —sign(FY + 557 st — 557" — 357 St T00 1+ 10 567~ 50 — 50-5t) = sign(¥)

sign(

0% . 0% . ~
% >08v;/€ [077]a 8_&_0|f7_1¢ [077]
Plot ofa—& :

(ii) constrained region:

Now, consider the range v € (¥,0.91667]
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0673
sign( a:) = sign(9. 1294 +12. 167*s;—24. 1635, —15. 087> —3. 0972 —1. 2572 +24.05;7+15.

09y + 1.6ys? — 12.05; — 6.02 — . 4s2) = sign(V)

o o _ ov .
o > 0¥y €[7,0.91667); 5= <0y € (0,97 with " <5 5= = 01if y = 1 ¢ [3,0.91667]
t

E)st 8St

Plot of W:
T

se={1078,1071}

In case of positive shocks, ¥(0.76865) = 0.08 844 9—0. 267 53s,; since s; € [0, .1], ¥(0.76865) =
0.088449 — 0.26753(.1) = 0.06169 6 is the minimum value, still positive.

sp = {—10"1,—-10%}

In case of negative shocks, U(y = 0.6821) = 0.023715 — .65133s;; since s, € [—0.1,0],
U(y =0.6821) = 0.02371 5 is the minimum value, still positive. This completes the proof. m

Therefore, when competition takes place a la Cournot and products are highly dicerentiated,
the common antitrust practice is no more appropriate, since it fails to be always true that
competition is more pervasive in periods of high demands. In fact, it has been shown that
attention should be paid also to those markets in which ..rms compete in quantities and, indeed,
the degree of product standardization is very low. The scope of this result becomes even stronger

as one considers a greater uncertainty.

4. Is collusion in quantities more stable?

Deneckere (1983) proves that collusion in quantities is more stable than in prices for v €
(0,0.962], while the opposite holds for v € [0.962,1]. In this section, | address the same issue

in a stochastic setting, showing that above a certain amplitude of the positive shocks, collusion
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in prices is more stable than in quantities for v € (0,0.91667], while above a certain amplitude
of the negative shocks, the opposite holds. Between the negative and the positive threshold,
there exists a region where one has to take into account both the amplitude of the shocks and

the degree of product dizerentiation.

Proposition 2 For all v € (0, 0.91667], with s; € [0.0508,0.1] collusion in prices is more stable,
with s; € [—0.1,—0.0083] collusion in quantities is more stable. With s; € [—0.0083,0.0508] ,

see corollaries 3-6.

Corollary 3 The relationship betlen the critical threshold of s; > 0 and v € (0, 0.76865] is
non monotone and convex. With s, > 0.02 collusion in prices is more stable Vv € (0, 0.76865].
With s; > 0.002 collusion in prices is more stable V~ € (0, 0.5823], while Yy € (0.5823, 0.76865]
it depends on s; € (0,0.2]

P roof. In all the following proofs, I rely on graphical representation, being the involved
analytical expressions really cumbersome. | compute the dicerence betlen 65 and 6%, then |

solve for s; and make the corresponding graph. The curve in the space v, s; is where 6;, = 6.

Its upper counter set is where price collusion is more stable. m

Corollary 4 The relationship betlen the critical threshold of s, > 0 and v € (0.76865, 0.91667]
is increasing and convex. With s; > 0.0508 collusion in prices is more stable Vv € (0.76865,

0.91667]. With s; < 0.0182 collusion in quantities is more stable Vv € (0.76865, 0.91667].

P roof. | compute the dizerence between 65 and 6%, then | solve for s; and make the

corresponding graph. The curve in the space +, s; is Where 65 = 6%.
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Its upper counter set is where price collusion is more stable. m

Corollary 5 The relationship between the critical threshold of s; < 0 and v € (0, 0.6821] is
non monotone and concave.Vy € (0, 0.76865] with s, < —0.0083 collusion in quantities always
occur. Vv € (0.123, 0.5167] collusion in quantities is always more stable, otherwise it depends
on s; € (0,0.0083)].

P roof. | compute the dicerence between 65 and é%, then | solve for s; and make the

corresponding graph. The curve in the space =, s; iS where 65 = 6%.

Its lower counter set is where quantity collusion is more stable. m
Corollary 6 With s; < 0, Vy € (0.76865, 0.91667] collusion in quantities is always more stable.

P roof. | compute the dizerence between 65 and é%, then | solve for s; and make the

corresponding graph. The curve in the space ~, s; is where 65 = 5.

1

o o7 075 [ 085 0%
05

4

Its lower counter set is where quantity collusion is more stable. m

Hence, during booms, ..rms would like to collude in prices while, during recessions, they
would like to collude in quantities. The rationale behind this result is quite intuitive: it is
always true that the possibility to cheat is lower under Cournot competition than otherwise;
however, during booms, ..rms would like to collude in prices to decrease the likelihood of the

punishment phase.
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5. Does product dicerentiation enhance cartel stability?

As said in the introduction, many authors have tried to answer this question, arriving at
demonstrating that, at least in the unconstrained region, product dicerentiation is a facilitating
factor towards collusion. This believe is challenged by this section, which shows that, also in
the unconstrained region, the less products are dicerentiated, the higher may be the stability
of the cartel. With regard to Cournot competition, where the constraint on the quantity of the
..rm being cheated is never binding, it is shown that, again, product dicerentiation may be an

hindering factor. This ..nding is in contrast with the existing deterministic analysis.

Corollary 7 Under Cournot competition, the relationship betlen v and 6% is non monotone
for s; < 5 ~ 0.002, while, except in the case where products are almost totally independent, the

link is negative.

Corollary 8 Under Bertrand competition, vV~ € (0,0.76865] and Vs; € [0,0.1] the relationship
betlen v and 6% is negative for s; > s ~ 0.09, and non monotone and convex for s; < §;

Vv € (0,0.6821] and Vs; € [—.1,0] the relationship betlen ~ and &3 is positive

Corollary 9 Under Bertrand competition; vV~ € (0.76865,0.91667] and Vs; € [0,0.1] the rela-
tionship betlen v and 6% is negative. ¥V € (0.6821,0.91667] and Vs; € [—.1,0] the relationship

betlen v and 6% is non monotone and concave.
The above discussion can be summarized in the following:

Proposition 10 Under both Cournot and Bertrand competion, there exists a range of parame-
ters (s¢, ) in which the relationship betlen v and 6% can be decreasing, either monotonically

or not. Such a relationship can never be monotonically increasing.

Notice that, in the deterministic case, the relationship betlen -y and 6% can be monotonically
increasing. This is true under Cournot competition and, at least in the unconstrained region,
under Bertrand competition. As said in the introduction, such a prediction strongly contrasts
with both the conventional wisdom and the prevailing empirical evidence. The introduction of
a stochastic variable into the demand function has resulted su€cient to partially overcome that

undesirable feature.
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6. Concluding remarks

I have proposed a simple supergame duopoly model where each ..rm selling dicerentiated prod-
ucts faces a linear market demand subject to observable shocks. | have investigated upon the
joint ewmects of product dicerentiation and uncertainty on the stability of implicit collusion,
unveiling interesting results. First, I have challenged the believe that in a setting with linear
market demand, linear marginal cost and observable shock of the kind adopted in this paper,
competition is always more pervasive during booms as opposed to busts (Rotemberg and Sa-
loner, 1986), having proved that, when competition takes place a la Cournot and products
are strongly dicerentiated, cartels may be more stable in periods of high demand. Second, I
have compared price with quantity competition in terms of cartel stability, and | have shown
that, regardless of the degree of product dizerentiation, collusion in prices is more stable than
in quantities for sudciently relevant positive shocks, while the opposite holds for succiently
relevant negative shocks, where the term relevant is referred to their amplitude. In contrast
with Deneckere (1983), for whom collusion in quantities is always more stable than in prices
except when products are almost completely standardized, | have shown that when the market
is expanding, ..rms competing in prices will ..nd it easier to collude, while when the market
is acected by a recession, ..rms competing in prices will ..nd it tougher to collude. Hence, as
long as the market is expanding, | should expect ..rms to compete in prices. Finally, focussing
on product dicerentiation, | have proved that its link with the critical discount factor is never

increasing along the entire parameter range.
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