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Abstract

This note belongs to the recent literature that emphasizes that the residual, in the traditional Gini
index decomposition, reveals more than what is commonly believed. We show that the residual
reveals the so far unexplored contribution of stratification to between-group inequality and this
suggests that the between inequality measure should be modified accordingly. We propose a
measure of between-group inequality which is a function of stratification. This is our first result.
Moreover, we show that this measure is numerically equivalent to the one suggested by Yitzhaki
and Lerman (1991) yet, contrary to the latter, we are able to define precisely its range of variation.
This is our second result.
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1. Introduction

For a long time, the literature has looked at the residual of the traditional Gini index decomposition
as obscure and perversely responding to changes in subgroup characteristics (Mookherjee and
Shorrocks, 1982, p. 891).

This paper belongs to the more recent literature which emphasizes that the residual reveals more
than what is commonly believed (see Lambert and Decoster, 2005). We show that the residual
reveals the so far unexplored contribution of stratification to between-group inequality and this
suggests that the between inequality measure should be modified accordingly. We propose a
measure of between-group inequality which is a function of stratification.

Moreover, we show that this measure is numerically equivalent to the one suggested by Yitzhaki
and Lerman (1991) yet, as opposed to the latter, we are able to define its range of variation
precisely.

Yitzhaki and Lerman (1991) define stratification as “a group’s isolation from members of other
groups” (Yitzhaki and Lerman, 1991, p. 319) and, by changing the formulation of both the within-
group and the between-group components, obtain a new expression for the residual which reflects
the impact of stratification. Following this first contribution, Yitzhaki (1994) is able to proceed
further by splitting the Gini index into two parts: the first is a measure of between-group inequality
and the second, reflecting the impact of stratification, is the sum of the products of income shares,
Gini indices and overlaps for all groups. This decomposition is used by Yitzhaki and Milanovic
(2002) to analyse world income inequality. In this literature (Yitzhaki and Lerman, 1991; Yitzhaki,
1994; Wodon, 1999; Yitzhaki and Milanovic, 2002, among others), between-group inequality is
always measured separately from stratification, so that these two phenomena look unrelated. This is
an unsatisfactory point of view, since, as we will show in the paper, the Yitzhaki between-group
inequality depends upon stratification.

By analysing and decomposing the residual of the Gini index decomposition, we propose a
between-group inequality measure that is the product of three components, one of which is a
measure of stratification, so that we are able to provide a simple and intuitive measure of the impact
of stratification on between-group inequality. This result is obtained by means of an extensive use
of transvariation (Gini, 1959), a statistical concept which has been almost neglected by the literature
(main exceptions are Deutsch and Silber, 1997 and Dagum, 1997) notwithstanding its strict links

with stratification (see Yitzhaki and Lerman, 1991, p. 315).



Given two groups, a transvariation occurs whenever a member of the poorer (on average) group has
an income higher than a member of the richer (on average) group. It follows that a group can be
defined a perfect stratum when there are no transvariations involving the members of the groups

(see Wodon, 1999, p. 23). Using transvariations we obtain an innovative decomposition of the Gini
index, where both the residual (%) and the between component (GB) are represented by new
expressions, while the measure of within inequality is unchanged. Our between-group inequality
component (GB) depends 1) positively on the difference between the means of the groups and ii)

negatively on the number of transvariations between the groups. It can be said that the between
component “loses its innocence” * and its simplicity, changing its formulation. This is true, but it is
also true that this simplicity comes at a cost. In the traditional between inequality component the
mean values are taken as representative of the whole distributions. Then, the difference between the
means is substituted for each difference between the values belonging to different distributions.
Now, as recently observed (Giorgi, 2005), the theory of transvariation was introduced by Gini
precisely for “measuring the typicality of the difference between the means of the groups”. To be
more specific, Gini (1959, p. 47), argues that the comparison between the means “cannot
summarize the comparison between the single values of the character (e.g. income) since such a
comparison is much more complex”. He introduces the transvariation concept to face this problem
and to take into account this complexity.

The use of transvariations in our between-group inequality measure needs further investigation.
Considering the non-decreasing overall income ordering, the idea is that households of the poorer
(on average) group experience as a group less inequality when any member of the group improves
its position with respect to any member of the richer (on average) group. This may be associated
with the idea of a group as a league, i.e. as an aggregation of individuals or households who have a
strong group identity. When considering households, this league-feeling may be associated with
cultural and sociological factors. For example, in Italy, and possibly in other Roman Catholic-based
cultures, families with many children feel they share common religious and ethical values and they
often act as a lobby in society (for example, calling for preferential tax treatment). Using
transvariations, we are able to capture this league-feeling since in our measure of between
inequality the inequality felt by the poorer group depends (negatively) on the average rank (in the
overall distribution) of its members.

As said above, we obtain our between inequality measure by expressing the residual of the Gini

decomposition in a new way. The meaning of R can be interpreted by exploiting our second result,

? We thank an anonymous referee for this remark.



that is the numerical equivalence of our between-group measure and the one proposed by Yitzhaki

and his coauthors (Yitzhaki, 1994; Yitzhaki and Milanovic, 2002). We can write

G(y) =G, +GB +R, where G(y) is the Gini index, G, 1is the conventional measure of within-
group inequality, GB is our measure of between-group inequality, numerically equivalent to the

Yitzhaki between inequality measure, and R is the residual of our decomposition. In Yitzhaki and

Milanovic (2002, p.159), the sum G, +R is defined as “the sum of income shares, Ginis and

overlaps for all groups” and its value is interpreted accordingly. Actually, we show that R has a
meaning per se, since considering two groups, it is the sum of two terms representing the
overlapping of the first group with the second and vice-versa. Given the relation linking
overlapping and stratification, following Frick et al. (2006), this term represents the extent to which
the different groups are stratified.

The paper is organized as follows. In Section 2, we introduce the concept of transvariation and we
derive a decomposition of the Gini index where a new measure of between-group inequality is
proposed. Section 3 is devoted to the interpretation an discussion of this measure. In Section 4 we
show that the between-group inequality measure is numerically equivalent to the one proposed by
Yitzhaki and Lerman (1991) and we decompose it in a way which makes explicit the contribution of

stratification to between-group inequality. In the same section, we provide an interpretation of the

residual R . Finally, Section 5 draws some conclusions.

2. Using transvariations to decompose the Gini index

We consider a population of n households and, for the sake of simplicity, we confine our attention
to the case of two population groups, which we will call “a” and “c” with i = a, c. The two groups
stand for a given socioeconomic partition of the population on the basis of the households’

characteristics. The population size is n, +n, =n, withn, n,,n, € ¥ , where n, is the number of
households belonging to group a, j=1,...,n,, and n_ is the number of households belonging to
group ¢, [=1,...,n,. We denote byy,,/, { yl.h} e/ ", the equivalent income of the household %
belonging to group i and by w,, w4 and g, the overall, the group ¢ and the group a average

equivalent income, respectively.

Supposing x, > 4., the standard decomposition of the Gini index is the following
G(y)=G, +G,+R, (1)

where { y} is the set of all income units,
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In (2), the terms G, and G, denote the group a and group ¢ Gini index respectively, so that G,
measures within-group inequality, G, captures between-group inequality, and R is the residual

which depends on the overlapping between the two group distributions (Lambert and Aronson,
1993).

We now introduce the concept of transvariation. In general, a transvariation occurs whenever a
member of the poorer (on average) group is richer than a member of the richer (on average) group
(Gini, 1959). In our case, a transvariation occurs whenever a household of group c is richer than a
household of group a. It can immediately be noted that, when no transvariation occurs, the two

groups do not overlap at all, i.e. in our context, the first n, richest households in the overall
distribution are the n, households belonging to group a. Equivalently, one can say that, when there

is no transvariation between the two groups, the groups are perfect strata.
Monti (2007, p. 8) shows that, when only two groups are considered, the residual term R may be
written as
> (va-vy)
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In (3), the term Z ( V= yaj) is the sum of the transvariation values (intensity of
{jvl:ycl >yaj}

transvariation), that is the sum of the income differences y,, -y, for all pairs of household incomes
such that the income of the household of group ¢ is greater than the income of the household of

group a, as the average income of households of group ¢ is lower than the average income of
households of group a.
Let us now introduce the following additional notation. N'™® is the total number of transvariations,

ny' is the number of transvariations involving y, and n.‘ is the number of transvariations

involving y,,. Observing that N™ = »  n}[" = Z‘]ng , it can be shown * that
Y (v yy) =N (s )+ 2 (= )+ 0 (1= 2) )
[7.Lye> v} ! j
so that we can state our first result as follows

G(y)=G, +G,+R, (5)

? For this and following results of the paper proofs are available upon request.
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3. Discussion

There are two main differences between the standard Gini decomposition, i.e. equation (1), and our

decomposition, i.e. equation (5): the between inequality measure (GB) and the residual measure

(R).
In (5), the measure of between-group inequality GB is the product of G and of a factor which takes

into account transvariations. To give a sound interpretation of the term GB we briefly recall some of

Gini’s remarks (Gini, 1959). It is well-known that, in his inequality index, Gini measures inequality
by the mean difference, that is he considers the difference between two income values as the
measure of the inequality between those two incomes. Then, taking two groups as a whole and
measuring their inequality by the difference between their means, implies that we are assuming the
group mean values as representative of the whole group distributions. Now, up to which point is
this assumption acceptable? Gini answers that the reality is so complex that “neither the difference
between the means, nor the variability of the two distributions and not even their form may answer
this question which depends or may depend on all these elements” (Gini, 1959, p. 47, authors’
translation). He introduces the transvariation concept to evaluate the attitude of the difference
between the means to represent the comparison between the distributions (see Giorgi, 2005 and
Gini, 1959).

Let us consider an example to illustrate why the difference between the means may be misleading,
Consider two groups of households, say a group of households with children and a group of only-
adult households and suppose that the incomes of only-adult households are {4, 8, 18} while the
incomes of the households with children are {2, 6, 13}. The traditional between component would
be based on the difference between the means, which is equal to 3 (10-7) in this case. Now,
compare this situation with a different one where the incomes of the households with children are
unchanged, while the incomes of only-adult households are {4, 5, 21}. The inequality within only-

adult households is surely increased, but what happens to between-group inequality? The traditional

measure G, is unchanged, while, on the contrary, our measure G, is reduced since the number of



transvariations increases (from 3 to 4).

The number of transvariations is the number of pairs of incomes belonging to different groups for
which inequality behaves differently with respect to the inequality represented by the difference
between the means of their respective groups. Then, following Gini’s suggestion, we weigh the
inequality between two groups (expressed by the differences of their means) by a factor (the
number of transvariations) representing the attitude of the comparison between the means of the
groups to represent the comparisons between the members of the groups. Given the difference
between the two groups’ mean incomes, between-group inequality as measured in (6) is smaller
than the standard one when there are transvariations between the two groups.® Considering the non-
decreasing overall income ordering, the idea is that households of group ¢ as a group experience
less inequality when any of its members improves her position with respect to any member of the
other group. Referring to the example, households with children as a group experience less
inequality in second case since the second poorest household with children is richer than the second

poorest only-adult household.

4. Relating between-group inequality to stratification

The stratification literature (Yitzhaki and Lerman, 1991; Yitzhaki, 1994; Yitzhaki and Milanovic,
2002) decomposes the Gini index differently from (1). Following Yitzhaki (1994) and Yitzhaki and

Milanovic (2002), when only two groups are considered, the Gini index decomposes as

G(y) = SL‘GCOC + SaGaOa + Gb 4 (8)
where
O =p+2..,P0: ©)
0, =cov, (1, F,(y))/cov, (3. F (7). (10)

In (8), s, is the share of total income owned by group i (sl. = pl.,ul./,up, p, = nl./n), O, is the total

overlapping of group i and G, is the between inequality as defined in Yitzhaki and Lerman (1991).

In (9), O, is the overlapping of group j by group i. O, is defined in (10) as the ratio between “the

covariance between incomes of group i and their rank, had they been considered as belonging to the
group j” (Yitzhaki, 1994, p. 149) and the covariance between incomes and own ranking in group i,
the latter being a normalizing factor.

Yitzhaki and Lerman (1991) define the between inequality as

* Note that G, is negative if 2N s n,n,. We consider the sign of G in the next section.



G, =2cov(u,FY) / 1, . Thus, Gy is twice the covariance between each groups’ average income and

groups’ average rank in the overall population divided by the overall mean income. That is, each
group is represented by its mean income and by the mean rank of its members in the overall
distribution. The overlapping index O, reflects the overlapping of group i with itself and with the
other groups and can be interpreted as a measure of stratification.” This implies that, using (8), there
is no easy way to relate stratification to between-group inequality, since the latter is apparently
separate.
However, it can be shown that

G, =G, (11)
i.e. the between inequality measure that we have derived above, see expression (6), is numerically
equivalent to the between inequality measure proposed by Yitzhaki and Lerman (1991). Expression
(11) justifies our claim that éB is a measure of between-group inequality, since it is equivalent to a
measure which is widely used in the literature.
Rewriting GB as in (12), we show that our measure is a function of the stratification impact on

between-group inequality measurement

VAN

G, = e (12)
H, n
where
TR
1:1—2N (13)
nanc

In expression (12) we recognize three parts of GB . The first is the amount of income that should be
redistributed to achieve complete between-group equality and it is equal to ( M, — U, ) /u,. The

second is the ratio n_n_/n* which is a weight depending on the composition of the population.® The

third is the index 7 that we propose as the measure of the stratification impact on between-group
inequality. This index is a decreasing function of the number of transvariations and it assumes its
maximum, /=1, when stratification is absolute, i.e. when there are no transvariations (N'* =0).

More precisely, the index / varies in the interval [B,1], where
TR
B= (1 _ WLJ _ (14)

In (14), MaxN™ is the maximum number of transvariations between the two groups under the

> In Yitzhaki (1994), differently from Yitzhaki and Lerman (1991), O, includes overlapping of group i with itself.
oIf n, = n, the weight attains its maximum value, i.e. 1/4 .



assumption u, > u. . If we denote as ¢, the number of the member of the group a whose income is
higher than x, and as p_ the number of the group ¢ whose income is (weakly) lower than 4 , it

can be shown that Max N'*= nn, — qa pc- Therefore we have

ﬂ=(ﬂ—lj, (15)

n.n,
where the ratio g,p, /n,n, depends on the skewness of the two distributions and it holds that f= -
1/2 when both distributions are symmetric with respect to their mean.

Expression (12) sheds some light on the range of GB . As noted by Yitzhaki and Lerman (1991, p.
322) with reference to their measure, the maximum of GB is G, and éB =G, when there is no
stratification, i.e. in our context when N =0. On the other hand, Yitzhaki and Lerman (1991)

A

note that G, can be negative in some extreme cases. More generally, we have shown that the
possibility of a negative GB depends on the number of transvariations and, consequently, it depends

on the importance of stratification as measured by I. More precisely, GB <0 if and only if

N™>nn, /2 and it is easy to see that min GB =-G, (1—2_%1)0 j .
nanc

Expression (11) allows us to interpret the term R better.
Considering the overlapping of the two groups with themselves one obtains the conventional

expression for within-group inequality

GW :Scpch +‘SapaGa‘ (16)
Then, substituting expression (11) in expression (8) and, taking into account (16), we have
G()’) = GW +(ScpaGcOac +SapcGaOca)+Gb ‘ (17)

Let us compare the Gini decomposition (17) with our decomposition (5). In the two decompositions

the within components are the same, the between components have the same value, then it holds

A

R=s5.pGO,+s,p.GO,. (18)

c ac a ca

Thus, the term R represents the amount of overlapping between the two groups as measured by

Yitzhaki (1994) and Yitzhaki and Milanovic (2002). Given that overlapping can be interpreted as

the inverse of stratification (Yitzhaki and Milanovic, 2002, p. 160), R represents the extent to
which the different groups are stratified.
approach, is now less than 9% (against 16% in Table 2).



5. Concluding remarks

Between-group inequality measurement has recently received renewed attention (Elbers et al.,
2008). The reason probably lies in the fact that many policies, rather than being purported to
decrease overall inequality, are restrained to reduce between-group inequality while ensuring that
overall inequality does not increase. This appears to be particularly true when policies aiming at

reducing inequality among households are considered.
In this paper, we propose to measure between-group inequality using éB which depends 1)

positively on the difference between the means of the groups and ii) negatively on the number of
transvariations between the groups. Given two groups, a transvariation occurs whenever a member
of the poorer (on average) group has an income higher than a member of the richer (on average)
group. Transvariations are useful for two reasons. First, they provide an easy way to take into
account the complexity of the comparison between the single values of the character (e.g. income),
an issue raised by Gini (Gini, 1959; Giorgi, 2005). Second, they allow to obtain an index measuring
the impact of stratification on between-group inequality. This impact is relevant whenever a group

is conceived as a league as suggested by Yitzhaki and Lerman (1991) who propose a measure of
between-group inequality to which GB is numerically equivalent. The league-feeling is such that the

households of the poorer (on average) group experience as a group less inequality when any

member of the group improves its position with respect to any member of the richer (on average)

group.
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