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Rswlpdo Vhfhvvlrq Uxohv�

Pdvvlpr Erugljqrq= Vdqgur Euxvfrg

Vhswhpehu 4<<<

Uhylvhg Pdufk 5333

Devwudfw

Vkrxog wkh frqvwlwxwlrq ri d ihghudwlrq doorz iru shdfhixo vhfhvvlrqB Frqvwlwxwlrqdoo| gh�qhg

vhfhvvlrq uxohv duh rswlpdo h{ srvw li wkh ihghudwlrq euhdnv grzq1 Krzhyhu/ wkh| pd| eh vxerswlpdo

h{ dqwh li wkh phpehu frxqwulhv uhfhlyh d ehqh�w iurp wkh shufhlyhg orqj0whup vwdelolw| ri wkh

ihghudwlrq dqg frqvwlwxwlrqdoo| gh�qhg vhfhvvlrq uxohv lqfuhdvh wkh suredelolw| ri d euhdn0xs1 Wkh

rswlpdo vrfldo frqwudfw wudghv r� h{ dqwh ehqh�wv dqg h{ srvw orvvhv/ dqg lw pd| dyrlg h{solflw

vhfhvvlrq uxohv1 Li wudqvihuv duh frvwo|/ wkh wudgh0r� lv suhvhqw hyhq li h{ srvw uhqhjrwldwlrq lv

doorzhg1 Ilqdoo|/ zh vkrz wkdw xqghu dv|pphwulf lqirupdwlrq lw lv pruh gl!fxow wr nhhs wkh

ihghudwlrq wrjhwkhu dqg wkdw d vhfhvvlrq zdu pd| rffxu1

WSuhylrxv yhuvlrqv ri wklv sdshu kdyh ehhq suhvhqwhg dw vhplqduv khog dw wkh Xqlyhuvlw| ri Yhqlfh/ Fdwkrolf Xqlyhuvlw|

ri Plodq/ Erffrql Xqlyhuvlw|/ wkh ]HZ lqvwlwxwh lq Pdqqkhlp1 Zh wkdqn doo sduwlflsdqwv iru xvhixo frpphqwv dqg lq

sduwlfxodu Djdu Euxjldylql/ Ulfkdug Fruqhv/ Jldqoxfd Ihplqlv/ Ehuqg Jhqvhu/ Ndl Nrqudg/ Sdror Pdqdvvh/ Mdfn Plqw}/

Sdqx Srxwyddud/ Nrqudg Vwdko/ Jxlgr Wdehoolql/ dqg Gdylg Zlogdvlq1 Lq sulydwh fruuhvsrqghqfh/ Plfkdho Oh Euhwrq

dovr r�huhg xvhixo frpphqwv1 Dw odvw/ wkh frpphqwv ri wzr uhihuhhv dqg wkh dvvrfldwh hglwru juhdwo| khoshg lq pdnlqj

fohduhu erwk wkh frqwhqw dqg wkh h{srvlwlrq ri wkh sdshu1 Wkh �qdo uhvsrqvdelolw| iru doo uhpdlqlqj huuruv uhvwv rq wkh

dxwkruv rqo|1
=LXDY/ Yhqlfh dqg Fdwkrolf Xqlyhuvlw| ri Plodq> perugljCpl1xqlfdww1lw
gXqlyhuvlgdg Fduorv LLL gh Pdgulg/ Ghsduwdphqwr gh Hfrqrpðd gh od Hpsuhvd dqg Xqlyhuvlwã gl Fdjoldul1

euxvfrChps1xf6p1hv

4



MHO Fodvvl�fdwlrq qxpehuv= K4/ K:

Nh|zrugv= Vhfhvvlrq/ Ihghudolvp1

4 Lqwurgxfwlrq

Vkrxog wkh phpehu frxqwulhv ri d ihghudwlrq eh doorzhg wr ohdyh shdfhixoo| wkdw ihghudwlrqB Dqg li

h{solflw vhfhvvlrq uxohv duh wr eh lqwurgxfhg/ krz vkrxog wkh| eh vwuxfwxuhgB

Hyhq li wkh ihghudo frqvwlwxwlrq grhv qrw doorz iru shdfhixo h{lw uxohv/ phpehu vwdwhv pd| dozd|v

dwwhpsw wr vhfhgh qrw shdfhixoo|1 Lqghhg/ li d vwdwh shufhlyhv wkdw uhpdlqlqj lq d ihghudwlrq lv djdlqvw

lwv lqwhuhvw/ wkhq lw lv rqo| wkh wkuhdw ri plolwdu| dfwlrq wkdw pd| lqgxfh lw wr jlyh xs lwv fodlpv wr

lqghshqghqfh1 Uhfhqw klvwru| lv ixoo ri h{dpsohv lq zklfk d vhfhvvlrq zdv dwwhpswhg/ dqg hlwkhu eorfnhg

+l1h1 Nrvryr/ Nxuglvwdq, ru hyhqwxdoo| rewdlqhg +l1h1 Ervqld/ Hulwuhd,/ e| wkh xvh ri plolwdu| irufh

dqg uhvxowlqj hfrqrplf ghvwuxfwlrq1 Lq doo wkhvh fdvhv/ h{ dqwh +frqvwlwxwlrqdo, uxohv iru ohdylqj wkh

ihghudwlrq frxog lq sulqflsoh sod| d srvlwlyh hfrqrplf uroh/ e| uhgxflqj wkh h{ srvw frvw ri euhdnlqj xs

wkh ihghudwlrq1 \hw/ prvw h{lvwlqj ihghudwlrqv gr qrw doorz iru d culjkw wr vhfhgh*/ dqg lq wkh ihz fdvhv

lq zklfk wkh| gr/ wklv uljkw lv xvxdoo| h{suhvvhg vr ydjxho| ru lv vr vhyhuho| frqvwudlqhg wr vhhp kdugo|

h�hfwlyh lq sudfwlfh 41 Hyhq lq wkh fdvh ri wkh Hxurshdq Prqhwdu| Xqlrq +HPX,/ wkh srvvlelolw| wkdw

vrph ri wkh phpehuv pljkw lq wkh ixwxuh ghflgh wr uhjdlq wkhlu prqhwdu| vryhuhljqw| lv qrw frqvlghuhg1

\hw/ pdq| revhuyhuv ihdu wkdw d xqltxh prqhwdu| srolf| pd| wxuq rxw wr eh xqehdudeoh iru vrph ri

4Iru h{dpsoh/ wkh 4<:4 Frqvwlwxwlrq ri wkh iruphu Vrfldolvw Ihghudo Uhsxeolf ri \xjrvodyld +dv wkh 4<:5 XUVV

frqvwlwxwlrq, h{solflwo| dfnqrzohgjhg wkh uljkw wr vhfhvvlrq ri wkh phpehu uhsxeolfv/ zlwkrxw krzhyhu ehlqj vshfl�f rq

wkh zd| lq zklfk wklv uljkw frxog eh lpsohphqwhg1 Dv klvwru| kdv vkrzq/ wklv odfn ri fodulw| pd| kdyh ehhq ghduo| sdlg

iru e| wkh frxqwu| lwvhoi1 Rq wkh frqwudu|/ wkh uhfhqw 4<<8 Hwklrsldq frqvwlwxwlrq uhfrjql}hv wkh uljkw wr vhfhgh iru wkh

phpehu qdwlrqv dqg lw vshoov rxw lq ghwdlo wkh uxohv iru vhfhvvlrq1 Krzhyhu/ wkh uxohv duh vr vwulfw +lqyroylqj d srvlwlyh

yrwh wr vhfhvvlrq e| wkh wzr0wklug pdmrulw| ri wkh Sduoldphqw/ d qdwlrqdo uhihuhqgxp dqg dq djuhhg0xsrq glylvlrq ri

dvvhwv, wr pdnh lw gl!fxow wr eholhyh wkh| frxog eh dssolhg lq sudfwlfh1 Vhh Errnpdq +4<<6,/ Udlqd +4<<8, dqg Eodxvwhlq

dqg Iodq} +4<<;, iru ixuwkhu lqvwlwxwlrqdo ghwdlov1
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wkh phpehu frxqwulhv1 Vkrxog wklv ohdg hyhqwxdoo| wr d euhdnxs ri wkh HPX/ lw zloo fhuwdlqo| uhvxow

lq d vhulrxv glvuxswlrq ri hfrqrplf dqg srolwlfdo uhodwlrqv lq Hxursh1 Djdlq/ h{solflw vhfhvvlrq uxohv

frxog hdvh wkh surfhvv/ uhgxflqj wkh frvwv iru erwk wkh uhpdlqlqj dqg wkh ohdylqj frxqwulhv1

Vr zk| duh vhfhvvlrq uxohv vr uduho| sduw ri d frqvwlwxwlrqdo djuhhphqwB Vlqfh wkhvh uxohv duh olnho|

wr eh rswlpdo h{ srvw/ lq wkh hyhqw wkdw wkh ihghudwlrq euhdnv grzq/ wkh udwlrqdoh iru wkhlu devhqfh

pxvw olh lq h{ dqwh frqvlghudwlrqv1 Wkh devhqfh ri h{solflw vhfhvvlrq uxohv fdq eh vhhq dv d frpplwphqw

ghylfh wr lqfuhdvh wkh vwdelolw| ri wkh ihghudwlrq1 E| qrw lqwurgxflqj wkhvh uxohv/ wkh ihghudwlrq udlvhv

wkh h{lw frvw iru lwv phpehuv/ wkxv uhgxflqj wkh suredelolw| ri d euhdn0xs lq wkh ixwxuh1 Lq wxuq/

frpplwwlqj wr d ihghudwlrq pd| eh hfrqrplfdoo| dgydqwdjhrxv li wkh ehqh�wv d frxqwu| uhfhlyhv iurp

mrlqlqj wkh ihghudwlrq ghshqg rq lwv +h{shfwhg, gxudwlrq1

Lw vhhpv kdug wr glvsxwh wkdw wklv idfwru zdv dw zrun lq wkh fdvh ri wkh HPX1 Iruplqj d prqhwdu|

xqlrq/ udwkhu wkdq/ vd|/ djuhhlqj wr luuhyrfdeoh �{hg h{fkdqjh udwhv/ pd| eh pruh dgydqwdjhrxv h{dfwo|

ehfdxvh lw lv pruh frvwo| wr euhdn d prqhwdu| xqlrq wkdq vlpso| xqlodwhudoo| fkdqjh dq h{fkdqjh udwh1

Wkxv/ wkh h{shfwhg ehqh�wv ri �{hg h{fkdqjh udwhv/ lq whupv ri uhgxfhg xqfhuwdlqw| dqg lqfuhdvhg

sulfh vwdelolw|/ pd| eh pruh hdvlo| rewdlqhg zlwk d vlqjoh fxuuhqf|1 Pruh jhqhudoo|/ wkh ehqh�wv wkdw

d frxqwu| pd| hqmr| e| mrlqlqj d ihghudwlrq wrgd| +h1j1 �vfdo fr0lqvxudqfh/ frpprq ghihqfh srolf|/

lqfuhdvhg wudgh hwf1, pd| eh kdughu wr rewdlq li lw lv frpprqo| shufhlyhg wkdw wkh ihghudwlrq zloo qrw

eh wkhuh wrpruurz1

Wklv vxjjhvwv wr orrn dw rswlpdo vhfhvvlrq uxohv dv d zd| wr wudgh r� h{ dqwh dqg h{ srvw ehqh�wv1

E| pdnlqj vhfhvvlrq pruh gl!fxow d ihghudwlrq surylghv dq h{ dqwh hfrqrplf dgydqwdjh wr lwv phpehuv/

dv wr d odujh h{whqw wkh vxffhvv ri wkh ihghudwlrq ghshqgv rq wkh shufhswlrq ri lwv ixwxuh gxudwlrq1

Rq wkh rwkhu kdqg/ uxohv pdnlqj vhfhvvlrq pruh gl!fxow lqfuhdvh wkh frvw ri d euhdn0xs vkrxog wklv

rffxu/ dqg pd| irufh wkh frxqwulhv wr vwlfn wrjhwkhu hyhq zkhq lw lv qr orqjhu h!flhqw wr gr vr1 Lq

wklv sdshu/ zh pdnh d �uvw dwwhpsw wr dgguhvv wklv wudgh0r� irupdoo|1 Zh gr vr e| dvvxplqj wkdw dw

wkh wlph ri mrlqlqj wkh ihghudwlrq/ wkh phpehu frxqwulhv fdq zulwh d frpsohwh vrfldo frqwudfw +ihghudo
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frqvwlwxwlrq, vshfli|lqj wudqvihuv dqg vhfhvvlrq uxohv lq hyhu| srvvleoh ixwxuh frqwlqjhqf|1 Wklv vhhpv

wr eh d qdwxudo ehqfkpdun iru wkh dqdo|vlv/ rqh rq zklfk wr exlog iru ixwxuh uhvhdufk1 Ixuwkhupruh/

wkh frpsohwh frqwudfwv iudphzrun pd| qrw eh wrr pxfk rxw ri wkh pdun iru wkrvh ihghudo frqvwlwxwlrqv

+vxfk dv/ iru h{dpsoh/ wkh Pddvwulfkw Wuhdw|, zklfk gr lq idfw frqvlghu yhu| vshfl�f frqwlqjhqw uxohv

iru wkh phpehu frxqwulhv1

Lq wklv vhwwlqj/ zh ghulyh wkh rswlpdo vhfhvvlrq uxohv xqghu vfhqdulrv ri lqfuhdvlqj frpsoh{lw| dqg

uhdolvp1 Zh vwduw zlwk wkh ehqfkpdun fdvh ri ixoo lqirupdwlrq dqg qr uhqhjrwldwlrq1 Zh �uvw vkrz

wkdw lq wklv fdvh wkhuh lv lqghhg wkh wudgh0r� zh glvfxvvhg deryh= wr jdlq h{0dqwh ehqh�wv wkh rswlpdo

frqvwlwxwlrq pd| dfwxdoo| lpsrvh h{ srvw orvvhv rq wkh phpehu frxqwulhv1 Krzhyhu/ zh dovr vkrz

wkdw xqghu frpsohwh lqirupdwlrq/ vhfhvvlrq uxohv duh xvxdoo| d sduw ri wkh rswlpdo ihghudo frqvwlwxwlrq1

Qh{w/ zh vwxg| krz vhfhvvlrq uxohv duh d�hfwhg e| h{ srvw uhqhjrwldwlrq1 Uhqhjrwldwlrq lv fuxfldo wr

rxu dujxphqw khuh/ ehfdxvh li frxqwulhv e| uhqhjrwldwlqj h{ srvw frxog xqgr doo wkdw lv zulwwhq lq wkh

frqvwlwxwlrq h{ dqwh/ wkh wudgh0r� zh irfxv rq lq wklv sdshu zrxog vlpso| glvdsshdu1 Zh vkrz wkdw

wklv grhv qrw lq jhqhudo kdsshq li wudqvihuv duh frvwo|1

Ilqdoo|/ zh dedqgrq wkh frpsohwh lqirupdwlrq vhwwlqj e| dvvxplqj wkdw hdfk frxqwu| kdv sulydwh

lqirupdwlrq rq vrph ri lwv fkdudfwhulvwlfv1 Lvvxhv ri dv|pphwulf lqirupdwlrq lq ihghudwlrqv kdyh udlvhg

frqvlghudeoh lqwhuhvw lq wkh uhfhqw olwhudwxuh +l1h1 Od�rqw/ 4<<8/ Orfnzrrg/ 4<<</ Fruqhv dqg Gd

Vloyd/ 5333/ Erugljqrq hw do1/ 5333/ Wdehoolql dqg Shuvvrq/ 4<<9,/ hvshfldoo| zlwk uhihuhqfh wr wkh

Hxurshdq Xqlrq1 Zh vkrz wkdw/ xqghu dv|pphwulf lqirupdwlrq/ lq rughu wr nhhs lqfhqwlyhv doljqhg

wkh frqvwlwxwlrq zloo lq jhqhudo pdnh lw pruh gl!fxow iru wkh frxqwulhv wr ohdyh wkh ihghudwlrq/ qrw

doorzlqj wkhp wr vhfhgh shdfhixoo| hyhq lq wkrvh vwdwhv ri wkh zruog zkhuh pdlqwdlqlqj wkh ihghudwlrq

lv vxerswlpdo h{ dqwh dqg qrw rqo| h{ srvw1 Lqghhg/ li frqglwlrqv ri dv|pphwulf lqirupdwlrq duh

shuydvlyh/ qr vhfhvvlrq uxohv dw doo pd| zhoo eh wkh rswlpdo vhfrqg ehvw vroxwlrq1 Dv d uhvxow/ kxjh

zhoiduh orvvhv/ lqfoxglqj d srvvleoh vhfhvvlrq zdu/ pd| fkdudfwhul}h wkh ihghudwlrq h{ srvw lq vrph

vwdwhv ri wkh zruog1
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Rxu zrun fdq eh vhhq dv frpsohphqwlqj wzr gl�huhqw olqhv ri uhvhdufk lq hfrqrplfv= wkh uhfhqw

olwhudwxuh lqtxlulqj rq wkh uhdvrqv iru wkh euhdn0xs dqg wkh lqwhjudwlrq ri frxqwulhv +Errnpdq/ 4<<6/

Fdvhood/ 4<<5> Dohvlqd dqg Vsrdoruh/ 4<<:> Dohvlqd/ Shurwwl dqg Vsrdoruh/ 4<<8> Erowrq dqg Urodqg/

4<<:> Dohvlqd/ Vsrdoruh/ dqg Zdf}ldj/ 4<<;/ Erowrq/ Urodqg dqg Vsrdoruh/ 4<<9> Zhl/ 4<<5,/ dqg

wkh roghu olwhudwxuh lqtxlulqj rq wkh qrupdwlyh uhdvrqv iru lqwurgxflqj vhfhvvlrq fodxvhv lq ihghudo

frqvwlwxwlrqv +Exfkdqdq dqg Idlwk/ 4<;:> Fkhq dqg Rughuvkrrn/ 4<<7/ Zrrg/ 4<;4,1 Wkh iruphu

olwhudwxuh kljkoljkwv d qxpehu ri hfrqrplf dqg srolwlfdo uhdvrqv zk| frxqwulhv vkrxog glvvroyh ru

lqwhjudwh> krzhyhu/ lw grhv qrw wdnh lqwr dffrxqw wkdw vrph ri wkh frvwv ri grlqj vr duh hqgrjhqrxvo|

ghwhuplqhg/ dqg vkrxog wkhuhiruh eh h{sodlqhg dqg qrw vlpso| dvvxphg1 Wkh odwwhu �qgv d qxpehu ri

uhdvrqv iru lqwurgxflqj vhfhvvlrq uxohv lq ihghudo frqvwlwxwlrqv> krzhyhu/ lw grhv qrw dvn zk| vr ihz

h{lvwlqj ihghudo frqvwlwxwlrqv gr lq idfw doorz iru vhfhvvlrq fodxvhv1 Ilqdoo|/ dowkrxjk wkh lvvxh ri d

�vhfhvvlrq fodxvh� kdv douhdg| ehhq udlvhg lq frqqhfwlrq zlwk wkh HPX irupdwlrq +h1j1 Exfkdqdq/

4<<3/ Ehuqkro}/ 4<<5/ Dsrowh/ 4<<:,/ zh duh dzduh ri qr suhylrxv vwxg| zklfk kdv dwwhpswhg wr vwxg|

v|vwhpdwlfdoo| wkh wudgh0r� lqyroyhg lq vxfk d fodxvh1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 zh vshoo rxw wkh prgho1 Lq vhfwlrq 6 zh

ghulyh wkh rswlpdo ihghudo frqvwlwxwlrq lq wkh ehqfkpdun fdvh ri ixoo lqirupdwlrq dqg qr uhqhjrwldwlrq1

Lq vhfwlrq 7 zh doorz frxqwulhv wr uhqhjrwldwh wkh Frqvwlwxwlrq h{ srvw dqg vwxg| wkh rswlpdo frqwudfw lq

wklv fdvh1 Vhfwlrq 8 fkdudfwhul}h wkh rswlpdo frqvwlwxwlrq xqghu dv|pphwulf lqirupdwlrq1 Frqfoxglqj

uhpdunv duh r�huhg lq vhfwlrq 91 Wkh dsshqgl{ froohfwv wkh surriv1

5 Wkh Prgho

Zh frqvlghu d vlpsoh hfrqrp| zlwk wzr frxqwulhv dqg wzr shulrgv/ dqg iru vlpsolflw| zh dvvxph qr

glvfrxqwlqj ehwzhhq shulrgv1 Lq shulrg 3/ wkh wzr frxqwulhv kdyh wr ghflgh zkhwkhu ru qrw wr irup

d ihghudo xqlrq hqdeolqj wkhp wr surgxfh d sxeolf jrrg/ J/ zlwkrxw nqrzlqj suhflvho| zkdw wkhlu

suhihuhqfhv derxw J zloo eh lq shulrg 41 Pruh suhflvho|/ zkloh lw lv frpprq nqrzohgjh wkdw hdfk
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frxqwu|*v suhihuhqfhv lq shulrg 4 zloo kdyh wkh irup

X �

�

�
p�>J

�
@ ��J.p�

�� lv dvvxphg wr eh d udqgrp yduldeoh/ wdnlqj ydoxh � zlwk suredelolw| s dqg � zlwk suredelolw| 4� s/

zkhuh � A 3 A �1 Wkxv/ wkh ihghudo sxeolf jrrg pd| wxuq rxw wr eh d cedg* iru vrph frxqwulhv lq

shulrg 451 Wkh udqgrp yduldeohv �� dqg �2 duh lqghshqghqwo| glvwulexwhg1 Zh dovr dvvxph wkdw J fdq

rqo| eh surgxfhg zlwklq wkh ihghudwlrq/ wkdw lwv surgxfwlrq rffxuv dw qr frvw dqg lq �{hg txdqwlw|/

dqg zh vhw wklv txdqwlw| htxdo wr 41 Wkxv/ lq d vhqvh/ lq wklv prgho wkh ihghudo sxeolf jrrg lv wkh

ihghudwlrq lwvhoi1 Wkh yduldeoh p� ghqrwhv frxqwu| l*v sulydwh frqvxpswlrq1 Wkh sdlu � @
�
��> �2

�
lv

wkh vwdwh ri wkh zruog dw shulrg 4/ dqg wkh vhw ri doo srvvleoh vwdwhv ri wkh zruog lv ghqrwhg e| �1

Iru vlpsolflw|/ zh dovr dvvxph wkdw dw shulrg 3 qr surgxfwlrq ri wkh ihghudo sxeolf jrrg rffxuv1

Qhyhuwkhohvv/ li wkh frxqwulhv ghflgh wr irup wkh ihghudwlrq/ wkh| hqmr| lq shulrg 3 d xwlolw| zklfk lv dq

lqfuhdvlqj ixqfwlrq ri wkh suredelolw| wkdw wkh ihghudwlrq zloo eh pdlqwdlqhg lq shulrg 41 Wklv fdswxuhv

wkh lghd/ glvfxvvhg lq wkh lqwurgxfwlrq/ wkdw d ihghudwlrq surylghv juhdwhu xwlolw| wr lwv phpehuv zkhq

lw lv h{shfwhg wr odvw1 Ohw ! ghqrwh wkh vwdwh ri wkh ihghudwlrq dw wlph 4/ zlwk ! @ 3 ghqrwlqj d euhdn0

xs ri wkh ihghudwlrq dqg ! @ 4 lqglfdwlqj wkdw wkh ihghudwlrq lv pdlqwdlqhg1 Lq shulrg 3 frxqwulhv duh

lghqwlfdo/ dqg wkhlu xwlolw| lv jlyhq e|=

X �

f @ � Su +! @ 4,

zkhuh � � 3 lv d sdudphwhu1 Qrwlfh wkdw vlqfh vhfhvvlrq lv srvvleoh/ ! lv d udqgrp yduldeoh1 Lwv

uhdol}dwlrq zloo ghshqg rq wkh sduwlfxodu uxohv fkrvhq iru vhfhvvlrq dw wkh frqvwlwxwlrqdo vwdjh dqg rq

wkh uhdol}dwlrq ri wkh vwdwh ri wkh zruog � @
�
��> �2

�
1

Dw wkh frqvwlwxwlrqdo vwdjh/ wkh frxqwulhv kdyh wr ghflgh zkdw uxohv wr fkrrvh iru vhfhvvlrq/ dqg

zkdw uxohv wr fkrrvh iru uhglvwulexwlqj lqfrph dprqj wkhp1 Wkurxjkrxw wkh sdshu/ zh zloo dvvxph

5Dv dq looxvwudwlrq/ rqh pd| wklqn wkdw iru vrph HPX frxqwulhv wkh sxeolf jrrg csulfh vwdelolw|* r�huhg e| wkh

prqhwdu| xqlrq pd| wxuq rxw lq wkh ixwxuh wr eh d cedg*/ dv wkh| pd| suhihu d pruh od{ prqhwdu| srolf| wr lqfuhdvh

hfrqrplf dfwlylwlhv1
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wkdw dw shulrg 4 d frxqwu| kdv dozd|v wkh rswlrq wr vhfhgh ylrodwlqj wkh frqvwlwxwlrqdo uxohv +wkh

clqghshqghqfh zdu* rswlrq,1 Dw wkh vdph wlph/ diwhu irupdoo| mrlqlqj d ihghudwlrq/ d frxqwu| ghflglqj

wr ohdyh lw xqlodwhudoo| pxvw sd| d frvw1 Ixuwkhupruh/ zh dvvxph wkdw li rqh frxqwu| ghflghv wr vhfhgh

djdlqvw wkh frqvwlwxwlrqdo uxohv/ lw lpsrvhv d frvw rq wkh rwkhu frxqwulhv dv zhoo/ gxh wr wkh uhvxowlqj

hfrqrplf zhdnhqlqj ru glvvroylqj ri wkh vdph ihghudwlrq61 Iru vlpsolflw|/ zh zloo frqvlghu khuh rqo|

wkh fdvh lq zklfk wkh frvwv ri vhfhvvlrq duh v|pphwulf dprqj vhfhglqj dqg qrw vhfhglqj frxqwulhv1

Wkxv/ zh dvvxph wkdw li d frxqwu| ghflghv wr vhfhgh xqlodwhudoo| lq shulrg 4/ wkh ihghudwlrq lv glvvroyhg

dqg hdfk frxqwu| vx�huv d frvw f/ lqwhqghg dv wkh dprxqw ri uhvrxufhv ghvwur|hg lq wkh clqghshqghqfh

zdu*1

Wkh frqvwlwxwlrq pd| judqw d uljkw wr vhfhgh wr wkh phpehu frxqwulhv1 Lq wkdw fdvh/ li d frxqwu|

ghflghv wr ohdyh wkh ihghudwlrq xqlodwhudoo| lq shulrg 4/ wkh frvwv ri wkh lqghshqghqfh zdu duh dyrlghg/

dqg wkh ihghudwlrq pd| eh glvvroyhg dw orzhu frvwv iru doo frxqwulhv1 Lq zkdw iroorzv/ zh qrupdol}h

wkhvh glvvroylqj frvwv dw 31 Iru wkh vdnh ri jhqhudolw|/ krzhyhu/ zh dovr doorz wkh frqvwlwxwlrq wr judqw

d cfrqglwlrqdo* uljkw wr vhfhgh wr wkh phpehu frxqwulhv/ e| dvnlqj d ohdylqj frxqwu| wr sd| +ru uhfhlyh,

d prqhwdu| frpshqvdwlrq wr +iurp, wkh uhpdlqlqj frxqwulhv1

Wkh frqvwlwxwlrq fdq lq sulqflsoh vshfli| gl�huhqw vhfhvvlrq dqg wudqvihu uxohv iru gl�huhqw vwdwhv

ri wkh zruog1 Zh zloo ghqrwh e| g +�, wkh ghflvlrq wr pdlqwdlq ru glvvroyh wkh ihghudwlrq dw shulrg 4

zkhq wkh vwdwh ri wkh zruog lv �/ zlwk g +�, @ 4 ghqrwlqj wkh ghflvlrq wr pdlqwdlq wkh ihghudwlrq dqg

g +�, @ 3 ghqrwlqj wkh ghflvlrq wr glvvroyh1

Sulydwh frqvxpswlrq fdq eh wudqvihuuhg dprqj frxqwulhv1 Krzhyhu/ zh dvvxph wkdw/ ehfdxvh ri

6Wkh lqwhusuhwdwlrq wr eh jlyhq wr wkhvh frvwv ghshqgv rq wkh w|sh ri ihghudwlrq rqh kdv lq plqg1 Lq wkh fdvh ri HPX/

iru lqvwdqfh/ wkh frvwv ri d xqlodwhudo vhfhvvlrq iru wkh vhfhglqj frxqwu| zrxog odujho| eh lq whupv ri wkh frvw ri exloglqj

xs djdlq d fuhgleoh qdwlrqdo prqhwdu| lqvwlwxwlrq1 Iru wkh frxqwulhv uhpdlqlqj lq wkh HPX/ rq wkh rwkhu kdqg/ wkh frvw

ri d vhfhvvlrq zrxog odujho| eh lq whupv ri d orvv ri uhsxwdwlrq e| wkh Hxurshdq prqhwdu| lqvwlwxwlrqv1 Lq wkh fdvh ri d

srolwlfdo ihghudwlrq/ wkh frvwv ri d vhfhvvlrq iru erwk vhfhglqj dqg qrw vhfhglqj frxqwulhv frxog eh lq whupv ri d vrxulqj

ri lqwhuqdwlrqdo uhodwlrqvklsv/ zklfk pd| ohdg wr d plolwdu| frq lfw1

:



dgplqlvwudwlyh dqg lqfhqwlyh frvwv/ rqh xqlw ri frqvxpswlrq fdq eh wudqvihuuhg iurp rqh frxqwu| wr

dqrwkhu rqo| li d ghdgzhljkw frvw � � 3 lv sdlg1 Wklv phdqv wkdw lq rughu wr jlyh � � 3 xqlwv ri

frqvxpswlrq wr frxqwu| l/ wkh rwkhu frxqwu| kdv wr sd| d wd{ htxdo wr � +4 . �, = Wkh frqvxpswlrq

ri frxqwu| l lq shulrg 4 dw vwdwh ri wkh zruog � lv wkhq htxdo wr lwv lqlwldo zhdowk soxv wkh gl�huhqfh

ehwzhhq wkh wudqvihu uhfhlyhg dqg wkh wd{ sdlg= p� +�, @ z� . � � +�, � W � +�,/ zkhuh � � +�, � 3 dqg

W � +�, � 3 lqglfdwh uhvshfwlyho| wkh oxps0vxp vxevlg| rewdlqhg dqg wkh oxps0vxp wd{ sdlg wr wkh

ihghudwlrq zkhq wkh vwdwh ri wkh zruog lv �1 Lw zloo ehfrph fohdu wkdw qr frxqwu| uhfhlyhv vxevlglhv dqg

sd| wd{hv dw wkh vdph wlph/ vr rqo| rqh ri wkhvh yduldeohv fdq eh vwulfwo| srvlwlyh iru d jlyhq frxqwu|1

Ilqdoo|/ wr vlpsoli| wkh qrwdwlrq ixuwkhu/ zh qrupdol}h wkh ohyho ri zhdowk e| vhwwlqj z� @ 3 iru hdfk

l17

Wkxv/ d frqvwlwxwlrq vshfl�hv/ iru hdfk vwdwh ri wkh zruog �/ wkh ghflvlrq g +�, wr eh wdnhq dqg wkh

wudqvihuv dqg wd{hv iru hdfk frxqwu| wr eh sdlg81 Wkh vhtxhqfh ri hyhqwv zh frqvlghu lv wkh iroorzlqj=

41 Dw shulrg 3 wkh ihghudwlrq lv hlwkhu iruphg ru qrw iruphg1 Lq wkh �uvw fdvh/ d frqvwlwxwlrq lv

gudiwhg dqg dssuryhg xqdqlprxvo| e| doo frxqwulhv lqyroyhg> lq wkh vhfrqg fdvh/ wkh jdph hqgv1

51 Dw wkh ehjlqqlqj ri shulrg 4/ wkh vwdwh ri zruog � lv uhdol}hg1 Wkh uhdol}dwlrq ri �� pd| eh

revhuyhg e| erwk frxqwulhv +ixoo lqirupdwlrq,/ ru e| frxqwu| l rqo| +dv|pphwulf lqirupdwlrq,>

Li uhqhjrwldwlrq lv doorzhg/ wkh wzr frxqwulhv pd| ghflgh wr uhzulwh wkh frqvwlwxwlrqdo uxohv1

61 Iroorzlqj wkh frqvwlwxwlrqdo uxohv/ d ihghudo ghflvlrq lv wdnhq derxw zkhwkhu wkh ihghudwlrq vkrxog

eh pdlqwdlqhg ru glvvroyhg dqg zkdw wudqvihuv vkrxog eh lpsohphqwhg1

7Wklv lpsolhv wkdw zh duh doorzlqj iru qhjdwlyh frqvxpswlrq ri wkh sulydwh jrrg1 Uhdghuv zkr gr qrw ihho dw hdvh

zlwk wklv srvvlelolw| pd| dowhuqdwlyho| lqwhusuhw wkh dvvxpswlrq dv vwdwlqj wkdw wkh lqlwldo ohyho ri zhdowk lv odujh hqrxjk

vr wkdw lw lv qhyhu elqglqj zkhq ghflglqj wkh rswlpdo ohyho ri wudqvihuv dqg vxevlglhv1 Qrwklqj fkdqjhv zlwk uhvshfw wr

wkh irupxodwlrq fkrvhq lqwr wkh wh{w1
8 Lq zkdw iroorzv wudqvihuv dqg wd{hv fdq eh sdlg dqg uhfhlyhg hyhq li _Ew� ' f� Wklv fdswxuhv wkh lghd ri d frqglwlrqdo

uljkw wr vhfhgh uhihuuhg wr deryh1

;



71 Hdfk frxqwu| ghflghv zkhwkhu wr dffhsw wkh ihghudo ghflvlrq ru wr xqghuwdnh dq lqghshqghqfh

zdu1

81 Dffruglqj wr wkh ghflvlrqv wdnhq deryh/ wkh sd|r�v ri wkh frxqwulhv duh uhdol}hg dqg wkh jdph

hqgv1

Lq rxu iudphzrun/ d frqvwlwxwlrq lv d vrfldo frqwudfw/ dqg wkh h{dfw frqwhqw ri wklv frqwudfw ghshqgv

rq wkh nlqg ri yduldeohv zh doorz wkh frqwudfw wr eh zulwwhq rq1 Wkh ehqfkpdun fdvh/ zklfk zh glvfxvv

lq wkh qh{w vhfwlrq/ lv wkdw ri frpsohwh frqwudfwv xqghu frpsohwh lqirupdwlrq dqg qr uhqhjrwldwlrq1

Diwhu fkdudfwhulvlqj wkh ehqfkpdun fdvh/ zh vwxg| krz wkh uhvxowv fkdqjh zkhq uhqhjrwldwlrq lv doorzhg

dqg dv|pphwulf lqirupdwlrq lv lqwurgxfhg1

6 Frpsohwh Lqirupdwlrq dqg Qr Uhqhjrwldwlrq

Zkhq ghdolqj zlwk wkh frpsohwh lqirupdwlrq sureohp/ zh fdq uhvwulfw rxu dwwhqwlrq wr frqvwlwxwlrqv

vxfk wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw lv qhyhu ylrodwhg/ vr wkdw wkh clqghshqghqfh zdu*

lv qhyhu ghfoduhg1 Lq wklv fdvh wkh h{shfwhg xwlolw| ri frxqwu| l lv jlyhq e|=
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Vlqfh frxqwulhv duh h{0dqwh lghqwlfdo/ lw lv qdwxudo wr irfxv rq v|pphwulf frqvwlwxwlrqv1 E| wklv zh

phdq wkdw wkh ghflvlrq wr glvvroyh ru pdlqwdlq wkh ihghudwlrq lv edvhg rqo| rq wkh qxpehu ri �*v

dqg �*v/ dqg wkdw frxqwulhv kdylqj wkh vdph ohyho ri �� uhfhlyh +sd|, wkh vdph wudqvihu +wd{,1 Dv �

lv ixoo| revhuydeoh dqg yhul�deoh/ wkhuh duh qr lqfhqwlyh frpsdwlelolw| frqvwudlqwv wr eh frqvlghuhg1

Ixuwkhupruh/ li lw wxuqv rxw wr eh rswlpdo wr irup wkh ihghudwlrq/ wkh h{ dqwh sduwlflsdwlrq frqvwudlqwv

duh wulyldoo| vdwlv�hg lq wkh v|pphwulf fdvh1 Wkh rqo| vhulrxv frqvwudlqwv duh wkhuhiruh wkh h{ srvw

sduwlflsdwlrq frqvwudlqwv1 Wklv phdqv wkdw hdfk frxqwu| pxvw uhfhlyh dw ohdvw �f lq hdfk vwdwh ri wkh

zruog �1 Zh vd| wkdw d frqvwlwxwlrq surylghv d vhfhvvlrq fodxvh li/ iru vrph vwdwh ri wkh zruog �> wkh

ihghudwlrq lv frqvwlwxwlrqdoo| glvvroyhg/ vr wkdw g +�, @ 31

Devhqw dv|pphwulf lqirupdwlrq +dqg lqfhqwlyh frpsdwlelolw| frqvwudlqwv,/ zh fdq vwxg| wkh rswlpdo

ghvljq ri wkh frqvwlwxwlrq orrnlqj vhsdudwho| dw hdfk vwdwh ri wkh zruog1 Dv frqvwlwxwlrqv duh v|pphwulf/

wkhuh duh wkuhh vwdwhv ri wkh zruog wr eh frqvlghuhg/ qdpho|
�
�> �

�
>
�
�> �

�
dqg +�> �,1 Wr ghulyh wkh

rswlpdo frqvwlwxwlrq/ qrwh �uvw wkdw li wkh ehqh�wv jhqhudwhg e| wkh ihghudwlrq zhuh lqghshqghqw ri lwv

h{shfwhg gxudwlrq +l1h1 � @ 3 lq +4,,/ wkhq wkh rswlpdo vrfldo frqwudfw zrxog wdnh d yhu| vlpsoh irup=

� Li � � �f wkhq glvvroyh wkh ihghudwlrq zkhq �� . �2 ? 3 dqg pdlqwdlq lw li �� . �2 � 3= Vlqfh

wudqvihuv lpso| d ghdgzhljkw orvv lw lv rswlpdo wr vhw wkhlu ohyho dw }hur iru hyhu| vwdwh ri wkh

zruog1 Wkh frqglwlrq � � �f hqvxuhv wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw lv vdwlv�hg

iru hyhu| djhqw zkhq wudqvihuv duh }hur1

� Li � ? �f wkhq wkh ihghudwlrq lv yldeoh rqo| li d wudqvihu ri dw ohdvw �W @ � +� . f, lv sdlg wr

frxqwulhv ri w|sh �= Wkhuhiruh wkh ghdgzhljkw orvv ri wudqvihuv kdv wr eh wdnhq lqwr dffrxqw1 Ohw

� eh d vwdwh ri wkh zruog/ dqg ohw m 5 i3> 4> 5j eh wkh qxpehu ri frxqwulhv kdylqj �� @ �1 Wkhq

wkh ihghudwlrq lv pdlqwdlqhg li +5� m, � . m� � �m�W � 3 dqg lw lv glvvroyhg rwkhuzlvh91

Zkhq srvlwlyh ehqh�wv iurp gxudwlrq +l1h1 � A 3, duh lqwurgxfhg/ lw pd| ehfrph h{ dqwh rswlpdo wr

9Qrwlfh wkdw wklv frqglwlrq lpsolhv wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw iru w|sh w lv vdwlv�hg1
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suhvfuleh wkdw wkh ihghudwlrq eh pdlqwdlqhg lq vrph vwdwhv ri wkh zruog lq zklfk wklv lv qrw h{ srvw

rswlpdo1 Lq wklv fdvh lw lv qhfhvvdu| wr duudqjh wudqvihuv lq vxfk d zd| wkdw wkh h{ srvw sduwlflsdwlrq

frqvwudlqwv duh vdwlv�hg1 Wr vhh krz wkhvh wzr h�hfwv lqwhudfw lq ghwhuplqlqj wkh rswlpdo frqvwlwxwlrqdo

uxohv/ frqvlghu �uvw wkh fdvh � � �f1 Vlqfh srvlwlyh wudqvihuv lqyroyh d ghdgzhljkw orvv/ wkh rswlpdo

fkrlfh lv wr vhw doo wudqvihuv htxdo wr }hur1 Wkh fkrlfh ehwzhhq pdlqwdlqlqj ru glvvroylqj wkh ihghudwlrq

lq shulrg 4 wkxv lqyroyhv d frpsdulvrq ehwzhhq wkh h{ dqwh ehqh�wv dqg wkh h{ srvw srwhqwldo orvvhv

+dw }hur wudqvihuv,1 Wdnh iru h{dpsoh wkh fdvh +�> �,1 Iurp dq h{ dqwh shuvshfwlyh/ wkh ghflvlrq wr

pdlqwdlq wkh ihghudwlrq lq wklv vwdwh ri wkh zruog lpsolhv dq h{shfwhg ehqh�w htxdo wr 5� Su
�
�> �

�
.

Su
�
�> �

� �
� . �

�
/ vr wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg li 5� .

�
� . �

�
� 3> hyhq li wklv lv qrw

h{ srvw h!flhqw +l1h1 li
�
� . �

�
? 3,1

Qh{w/ vxssrvh � ? �f> lq wklv fdvh d wudqvihu �W @ � +� . f, pxvw eh sdlg wr w|sh � lq rughu wr nhhs

lw lq wkh ihghudwlrq dqg wkh ghdgzhljkw orvv iurp wkh wudqvihu pxvw dovr hqwhu lq wkh rswlpdo fkrlfh1

Lq wkh fdvh +�> �, wkh h{ dqwh vrfldo xwlolw| htxdov 5�. �. ����W/ surylghg wkdw dw wklv doorfdwlrq wkh

lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh � lv dovr vdwlv�hg > wkdw lv/ surylghg wkdw �� +4.�,�W � �f1

Wkxv/ wkh frqvwlwxwlrq suhvfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg lq fdvh +�> �, li erwk wkh

frqglwlrqv 5� . � . � � ��W � 3 dqg � � +4 . �,�W . f � 3 duh vdwlv�hg/ dqg lw vkrxog eh glvvroyhg

rwkhuzlvh1 Qrwlfh wkdw wkh lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh � lq fdvh +�> �, fdq dovr eh zulwwhq

dv � . � � ��W . 5f � 31 Wklv lpsolhv wkdw wkh wzr frqglwlrqv fdq eh zulwwhq dv=

� . � � ��W � �5f � . � � ��W � �5�

vr wkdw zh fdq vxppdul}h wkh wzr lqhtxdolwlhv e| wkh frqglwlrq=

� . � � ��W � �5plq if> �j +6,

Lq wkh fdvh � ? �f> zkhq wkh lqhtxdolw| lq +6, lv vdwlv�hg wkhq lw lv erwk ihdvleoh dqg frqyhqlhqw wr

pdlqwdlq wkh ihghudwlrq lq shulrg 41 Zh fdq wkhq vxppdul}h wkh uhvxowv ri wklv vhfwlrq lq wkh iroorzlqj

sursrvlwlrq=
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Sursrvlwlrq 4 Dvvxph wkdw frpsohwh frqwudfwv duh srvvleoh/ wkhuh lv ixoo lqirupdwlrq/ dqg wkdw wkh

phpehu frxqwulhv duh deoh wr frpplw qrw wr uhqhjrwldwh wkh frqvwlwxwlrq1 Wkhq wkh rswlpdo vrfldo

frqwudfw suhvfulehv g +�, @ 4 li=

2[
�'�

�
�� � �pd{

q
3>�

�
�� . f

�r�
� �5plq if> �j +7,

Zkhqhyhu wkh frqglwlrq lv vdwlv�hg/ d frxqwu| zlwk �� @ � uhfhlyhv d vxevlg| �W @ pd{ i3>� +� . f,j1

Li frqglwlrq +7, lv qrw vdwlv�hg wkhq g+�, @ 3 dqg wudqvihu dqg wd{hv duh }hur1

Wkh sursrvlwlrq kdv d qxpehu ri lqwhuhvwlqj lpsolfdwlrqv1 Iluvw/ wkh rswlpdo frqvwlwxwlrq pd| lqyroyh

d vhfhvvlrq fodxvh1 Iru h{dpsoh/ lq wkh fdvh +�> �, dqg � ? �f/ wkh rswlpdo frqvwlwxwlrq fhuwdlqo|

suhvfulehv g+�> �, @ 31 Vhfrqg/ wkh uljkw wr vhfhgh/ zkhq judqwhg/ lv dozd|v xqfrqglwlrqdo1 Wudqvihuv

duh vrfldoo| frvwo| dqg wkh| duh rqo| xvhg +dw wkh orzhvw srvvleoh ohyho, wr frqylqfh glvdgydqwdjhg

frxqwulhv wr uhpdlq lq wkh ihghudwlrq1 Wkh wkuhdw ri xvlqj wkh vhfhvvlrq zdu lv fuhgleoh lq wklv fdvh/

vlqfh � ? �f lpsolhv wkdw wkh frxqwu| lv ehwwhu r� �jkwlqj udwkhu wkdq dffhswlqj wkh ihghudwlrq zlwkrxw

frpshqvdwlqj vxevlglhv1 Rq wkh rwkhu kdqg/ zkhq wkh ihghudwlrq lv frqvwlwxwlrqdoo| glvvroyhg wkhuh lv

qr qhhg wr frpshqvdwh frxqwulhv zlwk d kljk w|sh/ vlqfh lq wklv fdvh zdu lv qrw d fuhgleoh wkuhdw1

Wklug/ wkhuh pd| eh d frq lfw ehwzhhq h{ dqwh dqg h{ srvw rswlpdolw|1 Zkhq wkhuh duh ehqh�wv

iurp wkh h{shfwhg gxudwlrq ri wkh ihghudwlrq/ wkh vrfldo frqwudfw pd| frpsho wkh ihghudwlrq wr jr rq

hyhq li lw zrxog eh h{ srvw rswlpdo qrw wr gr vr vlqfh �� . �2 ? 31 Zh wkhuhiruh idfh d fodvvlfdo wlph

lqfrqvlvwhqf| sureohp= phpehu frxqwulhv pd| eh whpswhg wr uhqhjrwldwh wkh frqvwlwxwlrq dqg glvvroyh

wkh ihghudwlrq h{ srvw1 Zh qrz lqyhvwljdwh zkhq wklv lv srvvleoh dqg zkdw h�hfwv wkh srvvlelolw| ri

uhqhjrwldwlrq pd| kdyh rq wkh rswlpdo frqvwlwxwlrq1

7 Uhqhjrwldwlrq

Li wkh frxqwulhv zhuh deoh wr uhqhjrwldwh vxffhvvixoo| zkhqhyhu wkh frqvwlwxwlrq suhvfulehv d frxuvh

ri dfwlrq |lhoglqj dq h{ srvw djjuhjdwh orvv/ wkhq wkh rqo| ihdvleoh frqvwlwxwlrqv zrxog eh wkh rqhv
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suhvfulelqj h{ srvw h!flhqf|1 Lq d vhqvh/ wkh frqvwlwxwlrq zrxog eh luuhohydqw1 Qr h{ dqwh djuhhphqw

zrxog eh qhhghg/ vlqfh h{ srvw h!flhqw djuhhphqwv zrxog eh uhdfkhg dq|zd|1 Li wkh frqvwlwxwlrq

pdwwhuv/ lw pxvw eh wkh fdvh wkdw wkhuh duh vlwxdwlrqv lq zklfk uhqhjrwldwlrq fdqqrw prgli| zkdw lv

gh�qhg lq wkh frqvwlwxwlrq/ dowkrxjk lw zrxog eh h{ srvw rswlpdo wr gr vr1 Lq wklv vhfwlrq/ zh vkrz

wkdw zkhq � A 3 +frvwo| wudqvihuv, wklv lv lqghhg wkh fdvh lq rxu prgho dqg wkhq ghulyh wkh rswlpdo

uhqhjrwldwlrq surri frqvwlwxwlrq1

Lq rxu frqwh{w/ uhqhjrwldwlrq phdqv wkdw wkh frxqwulhv xqdqlprxvo| djuhh wr d fkdqjh ri wkh

frqvwlwxwlrq/ prgli|lqj wkh wudqvihuv dqg wkh ghflvlrq wr glvvroyh ru pdlqwdlq wkh ihghudwlrq1 Zh

ehjlq rxu dqdo|vlv e| fkhfnlqj zkhwkhu wkh frqwudfw ghulyhg lq wkh fdvh ri qr uhqhjrwldwlrq fdq

vxuylyh1 Wkh �uvw revhuydwlrq lv wkdw wkh ghflvlrq wr glvvroyh wkh ihghudwlrq lv dozd|v uhqhjrwldwlrq

surri1 Iurp sursrvlwlrq 4/ g +�, @ 3 zkhqhyhu 5plq if> �j .
S

2

�'�

�
�� � �� � +�,

�
? 31 Wklv lpsolhv

S
2

�'�

�
�� � �� � +�,

�
? 3/ vr wkdw vhsdudwlrq lv h{ srvw rswlpdo1

Wkh uhqhjrwldwlrq frqvwudlqw pd| ehfrph elqglqj rqo| zkhq wkh qr0uhqhjrwldwlrq frqwudfw suh0

vfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg1 Zkhq wkh vwdwh ri wkh zruog lv
�
�> �

�
wkhq wkh

rswlpdo frqwudfw suhvfulehv qr wudqvihuv dqg pdlqwdlqlqj wkh ihghudwlrq1 Wklv lv reylrxvo| uhqhjrwld0

wlrq surri1 Rq wkh rwkhu kdqg/ li wkh vwdwh ri wkh zruog lv +�> �, wkhq wkh rswlpdo frqwudfw suhvfulehv

qr wudqvihuv dqg pdlqwdlqlqj wkh ihghudwlrq li dqg rqo| li � . � � 3 dqg � � �f +ru/ pruh frp0

sdfwo|/ � � �plq if> �j,1 Wklv lv fohduo| qrw uhqhjrwldwlrq0surri/ dv wkh phpehu frxqwulhv fdq djuhh

wr prgli| wkh frqvwlwxwlrq dqg doorz iru shdfhixo vhsdudwlrq1 Lq idfw/ lw lv fohdu wkdw wkhuh lv qr zd|

lq zklfk wkh frxqwulhv fdq fuhgleo| frpplw wr pdlqwdlq wkh ihghudwlrq lq wkh vwdwh ri wkh zruog +�> �,

zkhq uhqhjrwldwlrq lv srvvleoh1 Qrwlfh wkdw lq cv|pphwulf* vwdwhv ri wkh zruog/ wkh ghdgzhljkw frvw ri

wudqvihu � sod|v qr uroh/ vlqfh qr wudqvihu lv srvvleoh1 Zkhq wkh vwdwh lv
�
�> �

�
wklv lv qr orqjhu wuxh1

Zh vwduw hvwdeolvklqj wkh iroorzlqj uhvxow1

Ohppd 4 Wkh rswlpdo vrfldo frqwudfw lv uhqhjrwldwlrq0surri dw vwdwh � zkhq wkh ihghudwlrq lv glvvroyhg1
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Li wkh ihghudwlrq lv pdlqwdlqhg dw
�
�> �

�
wkhq wkh rswlpdo frqwudfw lv uhqhjrwldwlrq surri li=

� . � � �W� � ��
�
� � �W +4 . �,

�
+8,

zkhuh �W @ pd{ i3>� +� . f,j1

Lq rughu wr lqwhusuhw wkh ohppd/ revhuyh wkdw wkh h{suhvvlrq rq wkh ohiw kdqg vlgh ri wkh lqhtxdolw| lv

vlpso| wkh h{ srvw vrfldo xwlolw| ri pdlqwdlqlqj wkh ihghudwlrq/ jlyhq e| wkh vxp ri wkh gluhfw xwlolwlhv

plqxv wkh ghdgzhljkw orvv ri wkh wudqvihuv qhfhvvdu| wr nhhs wkh ihghudwlrq wrjhwkhu1 Rq wkh uljkw

kdqg vlgh/ zh kdyh wkh ghdgzhljkw orvv ri wkh wudqvihuv zklfk kdyh wr eh sdlg lq rughu wr glvvroyh

wkh ihghudwlrq1 Wkh wudqvihu kdv wr frpshqvdwh wkh w|sh � frxqwu|/ uhfhlylqj d xwlolw| � � �W +4 . �,

li wkh ihghudwlrq lv pdlqwdlqhg1 Wklv lv wkh h{ srvw vrfldo xwlolw| ri glvvroylqj wkh ihghudwlrq1 Wkxv/

wkh ohppd hvwdeolvkhv wkdw wkh ruljlqdo vrfldo frqwudfw lv uhqhjrwldwlrq surri li wkh qhw vrfldo xwlolw| ri

pdlqwdlqlqj wkh ihghudwlrq lv odujhu wkdq wkh qhw vrfldo xwlolw| ri glvvroylqj lw1

Qrwlfh wkdw/ lq suhvhqfh ri d frq lfw ehwzhhq h{ dqwh dqg h{ srvw rswlpdolw|/ wkh ruljlqdo vrfldo

frqwudfw fdq eh uhqhjrwldwlrq surri rqo| li � A 3> li � zhuh htxdo wr }hur wkhq +8, zrxog fhuwdlqo| eh

ylrodwhg zkhqhyhu
S

�� ? 3= Wklv surylghv wkh lqwxlwlrq iru wkh ohppd> e| qrw doorzlqj wkh ihghudwlrq

wr glvvroyh lq vrph fdvhv/ wkh vrfldo frqwudfw fuhdwhv d yhvwhg lqwhuhvw lq frxqwulhv ri w|sh � wr pdlqwdlq

wkh ihghudwlrq1 Li wudqvihuv lqyroyh d ghdgzhljkw orvv/ frxqwulhv ri w|sh �pd| qrw kdyh hqrxjk uhvrxufhv

wr frpshqvdwh frxqwulhv ri w|sh � iru glvvroylqj wkh ihghudwlrq1

Vxssrvh qrz wkdw frqglwlrq +8, lv qrw vdwlv�hg dqg lw lv h{ dqwh ghvludeoh wr pdlqwdlq wkh ihghudwlrq

dw
�
�> �

�
1 Lv wkhuh dq|wklqj wkdw fdq eh grqh h{ dqwh lq rughu wr dyrlg uhqhjrwldwlrq h{ srvwB Lq

sduwlfxodu/ lv lw srvvleoh wr uh0ghvljq wkh frqwudfw dqg vshfli| wudqvihuv vr dv wr pdnh uhqhjrwldwlrq

lpsrvvleoh dqg pdlqwdlq wkh ihghudwlrqB

Wr xqghuvwdqg wkh txhvwlrq/ uhphpehu wkdw lq rughu wr djuhh wr glvvroyh shdfhixoo| d ihghudwlrq/

wkh frxqwulhv hqmr|lqj d srvlwlyh xwlolw| iurp wkh ihghudwlrq kdyh wr eh frpshqvdwhg zlwk wudqvihuv

jlylqj wkhp dw ohdvw htxlydohqw xwlolw|1 E| vhwwlqj gl�huhqw wudqvihuv h{ dqwh/ wkh vrfldo frqwudfw fdq
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prgli| wkh vwdwxv txr xwlolw| ohyhov1 Lq wxuq/ e| prgli|lqj wkh vwdwxv txr/ wkh vrfldo frqwudfw fdq dovr

prgli| wkh ghdgzhljkw frvwv lqfxuuhg wr frpshqvdwh wkh frxqwulhv ehqh�wlqj iurp wkh ihghudwlrq1 Lq

sulqflsoh/ lw pljkw wkhuhiruh eh srvvleoh wkdw e| vhwwlqj wudqvihuv gl�huhqw iurp wkh rswlpdo rqhv wkh

frqvwlwxwlrq zrxog pdnh lw lpsrvvleoh wr uhqhjrwldwh wkh vrfldo frqwudfw1 Wklv/ krzhyhu/ wxuqv rxw qrw

wr eh wkh fdvh1

Sursrvlwlrq 5 Qr vrfldo frqwudfw fdq suhyhqw uhqhjrwldwlrq dqg glvvroxwlrq ri wkh ihghudwlrq dw vwdwh
�
�> �

�
li frqglwlrq +8, lv qrw vdwlv�hg1 Wkh rswlpdo vrfldo frqwudfw zlwk uhqhjrwldwlrq doorzv iru glvvr0

oxwlrq ri wkh ihghudwlrq lq doo wkh vwdwhv lq zklfk hlwkhu wkh rswlpdo vrfldo frqwudfw zlwkrxw uhqhjrwldwlrq

suhvfulehv glvvroxwlrq ru frqglwlrq +8, lv qrw vdwlv�hg1

Wkh sursrvlwlrq lpsolhv wkdw lw lv lpsrvvleoh wr prgli| wkh vwuxfwxuh ri wkh wudqvihuv vr dv wr lqfuhdvh wkh

vwdelolw| ri wkh ihghudwlrq zkhq frqglwlrq +8, lv ylrodwhg1 Wkh lqwxlwlrq lv vlpsoh1 Wkh rswlpdo vrfldo

frqwudfw xqghu qr uhqhjrwldwlrq plqlpl}hv wkh dprxqw ri wudqvihuv jlyhq wkh h{ srvw sduwlflsdwlrq

frqvwudlqwv1 Dq| +ihdvleoh, prgl�fdwlrq ri wkh wudqvihuv wkhuhiruh lqfuhdvhv wkhlu djjuhjdwh ohyho1

Vlqfh wudqvihuv duh vrfldoo| frvwo|/ wklv lpsolhv uhgxflqj wkh vrfldo xwlolw| ri pdlqwdlqlqj wkh ihghudwlrq1

Krzhyhu/ lw dovr lpsolhv lqfuhdvlqj wkh frvw ri glvvroylqj wkh ihghudwlrq/ dv gl�huhqw dqg kljkhu wudqvihuv

fkdqjh wkh vwdwxv txr1 Wkh �uvw h�hfw pdnhv lw pruh gl!fxow wr nhhs wkh ihghudwlrq jrlqj rq> wkh

vhfrqg pdnhv lw pruh gl!fxow wr glvvroyh lw1 Exw wkh �uvw h�hfw dozd|v grplqdwhv wkh vhfrqg/ vr wkdw

lw lv qhyhu srvvleoh wr pdnh wkh ihghudwlrq pruh vwdeoh e| prylqj dzd| iurp wkh rswlpdo wudqvihuv1

Lq idfw/ vxssrvh wkdw wkh wudqvihu wr frxqwu| � lv lqfuhdvhg e| rqh xqlw zkhq wkh ihghudwlrq lv

pdlqwdlqhg1 Wklv phdqv wkdw frxqwu| � lv ohvv zloolqj wr euleh frxqwu| � dqg frqylqfh lw wr uhqhjrwldwh

wkh djuhhphqw1 Lq sduwlfxodu/ wkh pd{lpxp dprxqw frxqwu| � lv zloolqj wr sd| lv ghfuhdvhg e| rqh

xqlw1 Krzhyhu/ frxqwu| � lv qrz hdvlhu wr euleh/ vlqfh lwv xwlolw| zkhq wkh ihghudwlrq lv pdlqwdlqhg lv

qrz orzhu e| dq dprxqw 4.� +wkh h{wud wd{ qhhghg wr �qdqfh wkh h{wud vxevlg|,1 Wkxv wkh uhgxfwlrq

lq wkh zloolqjqhvv wr sd| e| frxqwu| � lv pruh wkdq frpshqvdwhg e| d uhgxfwlrq lq wkh dprxqw qhhghg
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wr frqylqfh � wr uhqhjrwldwh1 Wkhuhiruh/ li frxqwu| � lv zloolqj wr uhqhjrwldwh zkhq wkh wudqvihuv duh

�W/ lw pxvw dovr eh zloolqj wr uhqhjrwldwh zkhq wkh wudqvihuv duh � A �W1

Wkh lpsolfdwlrq lv wkdw wkh rswlpdo vrfldo frqwudfw zkhq uhqhjrwldwlrq lv srvvleoh forvho| uhvhpeohv

wkh rswlpdo vrfldo frqwudfw zkhq uhqhjrwldwlrq lv qrw doorzhg1 Uhqhjrwldwlrq uhgxfhv wkh vhw ri vwdwhv

lq zklfk wkh ihghudwlrq fdq eh pdlqwdlqhg1 Zkhqhyhu pdlqwdlqlqj wkh ihghudwlrq lv lpsrvvleoh ru qrw

ghvludeoh/ wkh rswlpdo vrfldo frqwudfw suhvfulehv glvvroxwlrq:1 Zkloh uhqhjrwldwlrq grhv uhgxfh wkh vhw

ri ihdvleoh rxwfrphv/ lpso|lqj d uhgxfwlrq lq h{shfwhg vrfldo zhoiduh/ wkh suhvhqfh ri uhqhjrwldwlrq

grhv qrw lqgxfh d glvwruwlrq lq wkh wudqvihuv zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg1

8 Dv|pphwulf Lqirupdwlrq

Vxssrvh qrz wkhuh lv dv|pphwulf lqirupdwlrq derxw wkh uhdol}dwlrq ri wkh vwdwh ri wkh zruog �1 Dv

xvxdo/ wkh vwrfkdvwlf vwuxfwxuh ri wkh prgho lv frpprq nqrzohgjh exw rqo| frxqwu| l revhuyhv wkh

dfwxdo uhdol}dwlrq ri �� dw wkh ehjlqqlqj ri shulrg 41 Krz grhv wkh rswlpdo vrfldo frqwudfw fkdqjhB

Wklv vhfwlrq lv prwlydwhg e| wkh uhfhqw irfxv lq wkh �vfdo ihghudolvp olwhudwxuh rq sureohpv ri

dv|pphwulf lqirupdwlrq lq ihghudwlrqv/ ehwzhhq wkh ihghudo dqg wkh orfdo jryhuqphqwv1 Iru lqvwdqfh/

dv|pphwulf lqirupdwlrq sureohpv duh suredeo| dw wkh urrw ri wkh vhulrxv exgjhw sureohpv lq ihghudo

frxqwulhv vxfk dv Fklqd dqg wkh iruphu uhsxeolfv ri XVVU/ zkhuh prvw wd{ uhyhqxh lv froohfwhg dqg

dgplqlvwhuhg orfdoo| +Od�rqw/ 4<<8,1 Vkrxog wkh Hxurshdq Frpplvvlrq exgjhw lqfuhdvh lq vl}h/ dv|p0

phwulf lqirupdwlrq sureohpv pljkw ehfrph d vhulrxv sureohp lq wkh Hxurshdq Xqlrq dv zhoo/ dv wkh

phpehu frxqwulhv duh vwloo lq fkdujh ri froohfwlqj wkhlu rzq uhyhqxh dqg wkh| duh dovr wkh pdlq vrxufh

:AIurp wkh srlqw ri ylhz ri wkh lpsohphqwdwlrq ri wkh frqwudfw/ glvvroxwlrq kdv wr eh h{solflwo| suhvfulehg zkhq

w D 3S� Lq wklv fdvh/ li wkh vrfldo frqwudfw zhuh qrw wr suhvfuleh h{solflwo| wkh glvvroxwlrq ri wkh ihghudwlrq lq wkh

dv|pphwulf fdvh/ wkh frxqwu| ri w|sh w zrxog kdyh wr euleh wkh frxqwu| ri w|sh w1 Glvvroxwlrq zrxog rffxu dq|zd|/ exw

+vrfldoo| frvwo|, srvlwlyh wudqvihuv zrxog kdyh wr eh sdlg1 Lq wkh fdvh w 	 3S lw lv qrw qhfhvvdu| wr lqfoxgh h{solflwo| d

vhfhvvlrq fodxvh/ vlqfh d frxqwu| ri w|sh w zloo dffhsw wr uhqhjrwldwh dqg glvvroyh wkh ihghudwlrq1
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ri qdwlrqdo vwdwlvwlfv +Erugljqrq hw do1/ 5333> Fruqhv dqg Vloyd/ 5333,1

Lq rxu frqwh{w/ dv|pphwulf lqirupdwlrq pd| ehfrph dq lvvxh rqo| li wkh frxqwulhv/ e| o|lqj derxw

wkhlu wuxh ��/ pd| d�hfw wkh lpsohphqwdwlrq ri wkh frqvwlwxwlrqdo uxohv wr wkhlu dgydqwdjh1 Wr vwxg|

wklv lvvxh/ zh vhw xs wkh sureohp dv d gluhfw uhyhodwlrq jdph1 Wkdw lv/ zh dvvxph wkdw wkh vrfldo

frqwudfw dw wlph 3 hvwdeolvkhv wd{ dqg wudqvihu vfkhphv/ dv zhoo dv vhfhvvlrq uxohv/ dv d ixqfwlrq ri

wkh ghfoduhg vwdwh ri wkh zruog e| doo frxqwulhv1 Zh dovr lpsrvh vshfl�f frqvwudlqwv jxdudqwhhlqj wkdw

hdfk frxqwu| kdv dq lqfhqwlyh wr ghfoduh wkh wuxwk derxw lwv w|sh/ jlyhq wkdw lw h{shfwv wkh rwkhu wr

gr wkh vdph +Ed|hvldq uhyhodwlrq jdph,1 Qrwh wkdw hdfk frxqwu| l kdv vwloo wkh rswlrq wr uhixvh wkh

vrfldo ghflvlrq/ pdnlqj hyhu|erg| sd| wkh frvw f1 Dv lq wkh frpsohwh lqirupdwlrq fdvh/ wkh h{ srvw

sduwlflsdwlrq frqvwudlqwv ri doo frxqwulhv pxvw wkhuhiruh djdlq eh vdwlv�hg iru wkh vrfldo ghflvlrq wr eh

lpsohphqwhg lq shulrg 41

Wkhuh lv krzhyhu dq lpsruwdqw gl�huhqfh1 Xqghu frpsohwh lqirupdwlrq lw lv qhyhu rswlpdo wr

suhvfuleh d ghflvlrq vxfk wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqwv duh ylrodwhg1 Wklv zrxog

rqo| ohdg wr hdfk frxqwu| sd|lqj d frvw f/ dqg lw lv reylrxvo| ehwwhu wr vhw g +�, @ � � +�, @ W � +�, @ 3

dqg dyrlg sd|lqj wkdw frvw1 Xqghu lqfrpsohwh lqirupdwlrq wklqjv pd| eh gl�huhqw1 Lq sulqflsoh/ lw

pd| qrz ehfrph frqyhqlhqw wr wuljjhu dq clqghshqghqfh zdu* xqghu vrph flufxpvwdqfhv li wklv khosv

wr nhhs lqfhqwlyhv doljqhg1 E| wkh vdph wrnhq/ lw pljkw dovr ehfrph frqyhqlhqw wr ohw wkh ihghudwlrq

shdfhixoo| glvvroyh dw d frvw/ e| lpsrvlqj d prqhwdu| frpshqvdwlrq iru wkh ohdylqj frxqwulhv1

Wr dqdo|}h wkh sureohp xqghu dv|pphwulf lqirupdwlrq zh qhhg lqwurgxfh vrph qhz qrwdwlrq1 Ohw

"� +�, eh wkh ghflvlrq e| frxqwu| l wr wuljjhu wkh lqghshqghqfh zdu dw vwdwh ri wkh zruog �/ zlwk

"� +�, @ 4 ghqrwlqj dffhswdqfh ri wkh vrfldo ghflvlrq dqg "� +�, @ 3 ghqrwlqj wkh ghflvlrq wr �jkw1 Ohw

" +�, @ "� +�,"2 +�,/ vr wkdw " +�, @ 4 li wkh zdu lv qrw wuljjhuhg dqg " +�, @ 3 rwkhuzlvh1 Ihdvleoh

vrfldo uxohv kdyh wr wdnh lqwr dffrxqw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv iru wkh wzr w|shv ri

frxqwulhv1 Gh�qh=
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dv wkh xwlolw| ri d frxqwu| ri w|sh �� dqqrxqflqj wkh wuxwk/ zkhq wkh rwkhu frxqwu| dqqrxqfhv �3�1

Zkhq wkh rwkhu frxqwu| ghflghv wr vhfhgh xqlodwhudoo| +wkdw lv/ "3�

�
��> �3�

�
@ 3, wkh xwlolw| lv �f1

Li wkh rwkhu frxqwu| dffhswv wkh ghflvlrq/ wkhq wkh xwlolw| iru frxqwu| l lv zkdwhyhu lv ehvw ehwzhhq

dffhswlqj wkh ghflvlrq dqg �jkwlqj wkh lqghshqghqfh zdu1 Ixuwkhupruh/ gh�qh=

Xw
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dv wkh xwlolw| ri d frxqwu| l ri w|sh � dqqrxqflqj �1 Djdlq/ wklv xwlolw| lv jlyhq e| wkh kljkhvw ri wzr

whupv1 Wkh �uvw whup lv frxqwu| l*v xwlolw| li l dffhswv wkh vrfldo ghflvlrq/ jlyhq wkdw "3�

�
�> �3�

�
lv

wkh ghflvlrq wr vwd| ru qrw lq wkh ihghudwlrq e| wkh rwkhu frxqwu| zkhq l ghfoduhv �1 Wkh vhfrqg whup

lv l*v xwlolw| li l uhmhfwv wkh vrfldo ghflvlrq +l1h1 �f, 1 Fohduo|/ d � frxqwu| o|lqj derxw lwv w|sh/ zloo

ghflgh wr uhixvh ru dffhsw wkh vrfldo ghflvlrq dffruglqj wr zklfk ri wkhvh wzr whupv lv odujhu1 Wkh whup

X
w

�
�> �3�

�
/ ghqrwlqj wkh xwlolw| ri d frxqwu| l ri w|sh � dqqrxqflqj �/ fdq eh gh�qhg vlploduo|1

Xvlqj wklv qrwdwlrq/ wkh h{ dqwh pd{lpl}dwlrq sureohp xqghu dv|pphwulf lqirupdwlrq fdq eh

zulwwhq dv=

pd{
_Ew�c� �Ew�cA �Ew�

5�
[
wMX

Su +�,g +�," +�, .

[
wMX

Su +�,

##
g +�,

#
2[

�'�

��
$
. � � +�,� W � +�,

$
" +�,� +4� " +�,, 5f

$

v1w1
2[

�'�

�
+4 . �, � � +�,� W � +�,

�
� 3 hdfk � +EF,

"� + �, @ 3 li g +�, �� . � � +�,� W � +�, ? �f

"� + �, 5 ^3> 4` li g +�, �� . � � +�,� W � +�, @ �f

"� + �, @ 4 rwkhuzlvh

hdfk l/ � 5 � +HSLU,

4;



[
w3�

Miwcwj

s
�
�3�
�
X �
�
�> �3�

�
�

[
w3�

Miwcwj

s
�
�3�
�
Xw

�
�> �3�

�
+LF,

[
w3�

Miwcwj

s
�
�3�
�
X �
�
�> �3�

�
�

[
w3�

Miwcwj

s
�
�3�
�
X
w

�
�> �3�

�
+LF,

zkhuh s
�
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lv wkh suredelolw| wkdw wkh rwkhu frxqwu| lv ri w|sh �3� 5

q
�> �
r
1 Frqvwudlqw EF lv wkh

exgjhw frqvwudlqw zklfk kdv wr eh vdwlv�hg iru hyhu| �1 HSLU lv wkh h{ srvw lqglylgxdo udwlrqdolw|

frqvwudlqw1 Lw uhtxluhv wkdw d frxqwu| vkrxog vwduw d zdu zkhqhyhu wkh xwlolw| hqmr|hg e| dffhswlqj wkh

vrfldo ghflvlrq lv ohvv wkdq �f1 LF dqg LF duh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv iru wkh kljk dqg

orz w|sh/ uhvshfwlyho|;1

Fohduo|/ wkh rqo| gl�huhqfh zlwk wkh rswlpl}dwlrq sureohp frqvlghuhg lq wkh suhylrxv vhfwlrqv lv

jlyhq e| wkh wzr LF frqvwudlqwv1 Krz grhv wkhlu suhvhqfh d�hfw wkh vroxwlrqB Rqh reylrxv revhuydwlrq

lv wkdw zkhqhyhu wkh vroxwlrq ghvfulehg lq sursrvlwlrq 4 vdwlv�hv wkh LF frqvwudlqwv wkhq wklv zloo eh

wkh vroxwlrq iru wkh fdvh ri dv|pphwulf lqirupdwlrq wrr1 Khqfh/ wr yhuli| li dv|pphwulf lqirupdwlrq

pdwwhuv/ zh kdyh �uvw wr fkhfn li dw wkh frpsohwh lqirupdwlrq vroxwlrq wkh LF frqvwudlqwv duh elqglqj>

li wkh| duh qrw/ wkhq wkh vroxwlrq lv xqd�hfwhg e| dv|pphwulf lqirupdwlrq1 Wklv ohdgv xv lpphgldwho|

wr wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 6 Li � � �f wkhq wkh rswlpdo vrfldo frqwudfw xqghu dv|pphwulf lqirupdwlrq lv wkh vdph

dv xqghu frpsohwh lqirupdwlrq1 Wkh vdph rffxuv zkhq � � �f dqg wkh rswlpdo vrfldo frqwudfw xqghu

frpsohwh lqirupdwlrq suhvfulehv wkdw wkh ihghudwlrq lv pdlqwdlqhg rqo| li � @
�
�> �

�
1

Wkh surri lv lpphgldwh dqg lw lv rplwwhg1 Lqwxlwlyho|/ li hlwkhu � � �f ru wkh ruljlqdo frqwudfw uhtxluhv

g+�, @ 4 rqo| li � @
�
�> �

�
/ qr wudqvihu qhhgv wr eh sdlg dw wkh frpsohwh lqirupdwlrq frqwudfw1 Exw li

qr wudqvihu lv sdlg/ wkhq wkh dqqrxqfhphqw kdv wkh rqo| h�hfw ri ghwhuplqlqj zkhwkhu wkh ihghudwlrq

;Jlyhq wkh dvvxpswlrq ri v|pphwulf frqvwlwxwlrqv dqg h{ dqwh lghqwlfdo frxqwulhv zlwk lqghshqghqw vkrfnv/ wkh

lqfhqwlyh frpsdwlelolw| frqvwudlqwv duh jlyhq e| mxvw wzr lqhtxdolwlhv/ rqh iru w|sh w dqg rqh iru w|sh w1
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vkrxog eh pdlqwdlqhg ru qrw1 Dqg vlqfh dq dqqrxqfhphqw ri � lqfuhdvhv wkh suredelolw| wkdw wkh

ihghudwlrq lv glvvroyhg/ lw lv fohdu wkdw w|sh � zloo whoo wkh wuxwk1 D vlplodu uhdvrqlqj krogv iru w|sh �=

Sursrvlwlrq +6, wkxv lpsolhv wkdw dv|pphwulf lqirupdwlrq fdq eh sureohpdwlf rqo| li srvlwlyh wudqvihuv

duh lqyroyhg/ wkdw lv/ lq wkh wzr frxqwu| fdvh/ li � ? �f dqg g+�> �, @ 4 lv ghhphg ghvludeoh iurp

dq h{0dqwh srlqw ri ylhz1 Lq zkdw iroorzv zh rqo| irfxv rq wkh fdvh lq zklfk wklv rswlpdo cfrpsohwh

lqirupdwlrq* vrfldo frqwudfw lv qrw lqfhqwlyh frpsdwleoh xqghu lqfrpsohwh lqirupdwlrq1 Rwkhuzlvh/ lw lv

reylrxv wkdw wkh cfrpsohwh lqirupdwlrq* vrfldo frqwudfw lv vwloo rswlpdo xqghu lqfrpsohwh lqirupdwlrq1

Zh ehjlq e| hvwdeolvklqj wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 7 Vxssrvh � ? �f dqg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh � lv qrw vdwlv�hg

dw wkh rswlpdo frpsohwh lqirupdwlrq vrfldo frqwudfw1 Wkhq zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg/ wkh

rswlpdo frqwudfw xqghu dv|pphwulf lqirupdwlrq kdv wkh vdph wudqvihuv dqg wd{hv dv lq wkh frpsohwh

lqirupdwlrq fdvh1

Wkh sursrvlwlrq vwdwhv wkdw/ li lw lv ghvludeoh wr pdlqwdlq wkh ihghudwlrq lq fdvh +�> �, xqghu dv|p0

phwulf lqirupdwlrq/ lqfhqwlyh sureohpv fdqqrw eh ghdow zlwk e| glvwruwlqj wkh wudqvihu lq wkdw fdvh1

Wkh lqwxlwlrq lv idluo| vwudljkwiruzdug1 Xqghu dv|pphwulf lqirupdwlrq/ wkh rqo| lqfhqwlyh frpsdwleoh

frqvwudlqw zklfk pdwwhuv lv wkh rqh uhodwlyh wr w|sh �1 W|sh � zrxog qhyhu kdyh dq lqfhqwlyh wr olh/

suhwhqglqj wr eh ri w|sh � lqvwhdg/ ehfdxvh wklv zrxog ohdg lw wr sd|lqj wd{hv udwkhu wkdq uhfhlylqj

vxevlglhv lq vrph vwdwhv ri wkh zruog/ ru wr pdlqwdlq wkh ihghudwlrq pruh iuhtxhqwo|1 Vr vxssrvh wkdw

dw wkh vwdwh ri wkh zruog +�> �, lw lv h{ dqwh rswlpdo wr pdlqwdlq wkh ihghudwlrq exw wkdw wkh lqfhqwlyh

frpsdwlelolw| frqvwudlqw iru w|sh � lv qrw vdwlv�hg1 Lv wkhuh dq| glvwruwlrq ri wkh wudqvihuv zklfk zrxog

pdnh wkh vrfldo frqwudfw lqfhqwlyh frpsdwleoh lq wklv fdvhB Wkh dqvzhu lv fohduo| qr1 Uhgxflqj wkh

wudqvihuv wr w|sh � ehorz � W lv xqihdvleoh/ ehfdxvh wkh| duh douhdg| dw wkh orzhvw srvvleoh ohyho1 Udlvlqj

wkhp lv qrw lqfhqwlyh lqfrpsdwleoh/ dv lw lqfuhdvhv wkh ehqh�w ri o|lqj iru w|sh �1 Lqwurgxflqj srvlwlyh

wudqvihuv iru w|sh � lv xqihdvleoh/ ehfdxvh wkhuh lv qr rqh zkr frxog sd| iru wkhp1
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Khqfh/ jlyhq wkdw lv hlwkhu xqihdvleoh ru vxe0rswlpdo wr prgli| wkh wudqvihuv zkhq wkh ihghudwlrq lv

pdlqwdlqhg/ wkh rqo| srvvlelolw| zklfk lv ohiw dw wkh frqvwlwxwlrqdo ohyho lv wr fkdqjh hlwkhu wkh wudqvihuv

ru wkh vhfhvvlrq uxohv lq wkrvh vwdwhv ri wkh zruog zkhuh wkh ihghudwlrq lv glvvroyhg1 Lq sulqflsoh/ wkhuh

duh wkuhh edvlf gl�huhqw vwudwhjlhv zklfk frxog eh xvhg wr pdnh wkh vrfldo frqwudfw lqfhqwlyh frpsdwleoh1

Wkh �uvw lv vlpso| wr vhw wkh wudqvihuv htxdo wr }hur lq dq| +ghfoduhg, vwdwh ri wkh zruog1 Lq wklv fdvh

wkh ihghudwlrq lv pdlqwdlqhg rqo| zkhq wkh vwdwh ri zruog
�
�> �

�
lv uhdol}hg/ dqg rswlpdolw| zrxog

uhtxluh g
�
�> �

�
@ 4 dqg g+�, @ 3 iru doo wkh rwkhu ��v/ vr dyrlglqj wkh �lqghshqghqfh zdu� frvwv1 Wklv

vroxwlrq lv qrw yhu| vdwlvidfwru| li � lv odujh/ dqg lqghhg zlwk wklv vroxwlrq lw pd| eh lpsrvvleoh wr

vxssruw wkh ihghudwlrq hyhq lq wkrvh fdvhv lq zklfk lw zrxog eh h{ srvw/ dqg qrw rqo| h{ dqwh/ h!flhqw

wr gr vr1

Vhfrqg/ wkh vrfldo frqwudfw frxog dwwhpsw wr uhzdug w|sh � iru whoolqj wkh wuxwk/ e| lpsrvlqj wr

wkh frxqwu| ri w|sh � wr sd| d wudqvihu wr wkh frxqwu| ri w|sh � zkhqhyhu wkh ihghudwlrq lv glvvroyhg1

Wkdw lv/ wkh frqvwlwxwlrq frxog judqw d cfrqglwlrqdo* uljkw wr vhfhgh wr wkh frxqwulhv/ doorzlqj wkhp wr

vhfhgh rqo| li d frpshqvdwlrq lv sdlg wr wkh rwkhu frxqwu| zkhq wklv ghfoduhv wr eh ri wkh kljk w|sh1

Krzhyhu/ wklv vroxwlrq fdqqrw eh rswlpdo lq wkh wzr frxqwulhv fdvh/ iru lw zrxog vwloo lpso| wkdw wkh

ihghudwlrq lv glvvroyhg lq wkh pl{hg fdvh +�> �,/ wkxv surylglqj qr h{ dqwh dgydqwdjh wr wkh frxqwulhv1

Wklv fdq eh rewdlqhg pruh fkhdso| iurp d vrfldo srlqw ri ylhz +dv qr glvwruwlqj wudqvihu lv sdlg, e|

vhwwlqj doo wkh wudqvihuv htxdo wr }hur dqg lpsrvlqj g+�> �, @ 3 <1

Ilqdoo|/ wkh frqvwlwxwlrq pljkw dwwhpsw wr sxqlvk w|sh � iru o|lqj1 Lw frxog gr vr e| lpsrvlqj

g+�> �, @ 4 hyhq iru wkdw vwdwh ri wkh zruog dw zklfk lw lv fohduo| h{ dqwh lqh!flhqw wr pdlqwdlq wkh

ihghudwlrq1 Lq idfw/ dv wkh ihghudwlrq lv pruh olnho| wr glvvroyh zkhq w|sh � olhv/ wklv dfwlrq zrxog

lqfuhdvh wkh frvw ri o|lqj iru wklv w|sh/ e| pdnlqj lw sd| d frvw �f udwkhu wkdq 3 vkrxog wkhvh vwdwhv

<Qrwlfh wkdw wklv uhvxow lv vshfl�f ri wkh wzr frxqwulhv fdvh1 Zlwk pruh wkdq wzr frxqwulhv dqg wkhuhiruh zlwk pruh

pl{hg fdvhv wr frqvlghu/ d cfrqglwlrqdo* uljkw wr vhfhgh pd| lqghhg wxuq rxw wr eh rswlpdo xqghu dv|pphwulf lqirupdwlrq1

Vhh wkh zrunlqj sdshu yhuvlrq ri wklv zrun +4<<<, iru d irupdo surri1
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rffxu1 Wklv vroxwlrq pd| holplqdwh wkh lqfhqwlyh frpsdwlelolw| sureohp/ dw wkh frvw ri kdylqj wkh

frxqwulhv sd|lqj wkh lqghshqghqfh zdu frvwv lq rqh vwdwh ri wkh zruog1

Zklfk vwudwhj| lv zruwk sxuvxlqj ghshqgv rq wkh sdudphwhuv ri wkh sureohp1 Lq sduwlfxodu/ vxssrvh

� ? �f dqg 5� . � . � � ��W A 31 Lq wklv fdvh/ wkh rswlpdo srolf| xqghu frpsohwh lqirupdwlrq lv wr

pdlqwdlq wkh ihghudwlrq lq doo fdvhv h{fhsw +�> �, = Wkdw lv/ xqghu frpsohwh lqirupdwlrq/ wkh rswlpdo

vhfhvvlrq uxohv duh g
�
�> �

�
@ g

�
�> �

�
@ 4 dqg g +�> �, @ 31 Vxssrvh wkdw wkh uhohydqw lqfhqwlyh

frpsdwlelolw| frqglwlrq iru w|sh � lv ylrodwhg dw wklv frqwudfw/ wkdw lv=

s� . +4� s,
�
� � +4 . �, �W

�
? s

�
� . �W

�

zkhuh s lv wkh suredelolw| ri w|sh �1 Qr wudqvihu fdq eh sdlg zkhq wkh vwdwh ri wkh zruog lv +�> �,/

dqg zkhq wkh vwdwh ri wkh zruog lv
�
�> �

�
h{ srvw lqglylgxdo udwlrqdolw| uhtxluhv wkdw wkh orz w|sh lv

wkh rqh uhfhlylqj wkh wudqvihu1 Wkhuhiruh/ wkh rqo| zd| wr pdnh vxuh wkdw wkh lqfhqwlyh frpsdwlelolw|

frqvwudlqw iru wkh kljk w|sh lv vdwlv�hg dqg pdlqwdlq wkh ihghudwlrq lq wkh vdph fdvhv dv xqghu frpsohwh

lqirupdwlrq lv wr lpsrvh g +�> �, @ 4/ ohwwlqj d vhfhvvlrq zdu exuvw li wklv fdvh rffxuv1 Wklv lv hqrxjk

wr pdnh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ri wkh kljk w|sh vdwlv�hg li wkh lqhtxdolw|=

s� . +4� s,
�
� � +4 . �, �W

�
A s

�
� . � W

�
� +4� s, f

lv vdwlv�hg1 Wkh wudgh0r� khuh lv dv iroorzv1 Ohwwlqj g +�> �, @ g
�
�> �

�
@ 3/ zh pdnh vxuh wkdw qr

lqghshqghqfh zdu lv hyhu wuljjhuhg/ exw zh kdyh wr jlyh xs dq| krsh wr pdlqwdlq wkh ihghudwlrq lq wkh

vwdwh
�
�> �

�
/ vlqfh wklv zrxog ylrodwh lqfhqwlyh frpsdwlelolw| iru w|sh �1 Vhohfwlqj g +�> �, @ g

�
�> �

�
@ 4

lpsolhv wkdw wkh wzr frxqwulhv zloo kdyh wr sd| wkh clqghshqghqfh zdu* frvw zkhqhyhu wkh vwdwh ri wkh

zruog lv +�> �,> lw lv h{dfwo| wklv frvw wkdw doljqv wkh lqfhqwlyhv wr whoo wkh wuxwk iru w|sh �/ wkxv pdnlqj

lw srvvleoh wr pdlqwdlq wkh ihghudwlrq lq vwdwh ri wkh zruog
�
�> �

�
1 Lw lv fohdu wkdw li � lv odujh hqrxjk

lw lv rswlpdo wr vhw g +�> �, @ 41

Vxpplqj xs/ wkhuh duh wzr edvlf frqfoxvlrqv wr eh gudzq iurp wklv vhfwlrq1 Iluvw/ dv|pphwulf

lqirupdwlrq uhgxfhv h{shfwhg zhoiduh dqg pdnhv lw pruh gl!fxow wr nhhs wrjhwkhu wkh ihghudwlrq1
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Vhfrqg/ lq rughu wr frsh zlwk dv|pphwulf lqirupdwlrq/ wkh vrfldo frqwudfw pd| olplw wkh lqwurgxfwlrq

ri vhfhvvlrq uxohv/ qrw doorzlqj wkh frxqwulhv wr ohdyh wkh ihghudwlrq dw }hur frvw hyhq zkhq lw zrxog

rswlpdo wr gr vr h{ dqwh dqg qrw rqo| h{ srvw1 Wklv srolf| pd| eh qhhghg wr vdwlvi| wkh lqfhqwlyh

frpsdwlelolw| frqvwudlqwv1 Wkh lpsolfdwlrq lv wkdw xqghu dv|pphwulf lqirupdwlrq wkhuh pd| eh vwdwhv

ri wkh zruog zkhuh wkh frxqwulhv vx�hu khdy| zhoiduh orvvhv h{ srvw > lqghhg/ dv zh kdyh vkrzq deryh/

xqghu dv|pphwulf lqirupdwlrq frxqwulhv pd| hqg xs zlwk wkh sd|r�v ri wkh cvhfhvvlrq zdu*/ zkhuhdv

wklv zdv qhyhu srvvleoh xqghu ixoo lqirupdwlrq1

Ri frxuvh/ zh rewdlq wkhvh uhvxowv xqghu dv|pphwulf lqirupdwlrq ehfdxvh zh kdyh qrw doorzhg wkh

frxqwulhv wr uhqhjrwldwh wkh frqwudfw h{ srvw1 Sd|lqj wkh frvw ri d vhfhvvlrq wr euhdn wkh ihghudwlrq/

zkhq wkh vdph frxog eh glvvroyhg dw }hur frvw iru hyhu|erg| pd| qrw dsshdu d yhu| fuhgleoh rxw0

frph1 Rq wkh rwkhu kdqg/ wkh srvvlelolw| ri uhqhjrwldwlrq zrxog prgli| wkh lqfhqwlyh frpsdwlelolw|

frqvwudlqwv1 Uhqhjrwldwlrq h{ srvw vkrxog eh fruuhfwo| prghohg dv d edujdlqlqj sureohp xqghu dv|p0

phwulf lqirupdwlrq/ exw xqiruwxqdwho| lq wklv fdvh wkh uhvxowv duh vhqvlwlyh wr wkh dvvxpswlrqv pdgh

rq wkh vwuxfwxuh ri wkh qhjrwldwlrq surfhvv1 Zh suhihu wr ohdyh wkh pdwwhu khuh dqg vlpso| qrwh wkdw

zkdwhyhu wkh iudphzrun fkrvhq wr prgho wklv nlqg ri sureohp/ edujdlqlqj xqghu dv|pphwulf lqirupd0

wlrq lq jhqhudo grhv qrw ohdg wr Sduhwr h!flhqw rxwfrphv1 Zh wkhuhiruh eholhyh wkdw wkh srvvlelolw| ri

d vhfhvvlrq zdu xqghu dv|pphwulf lqirupdwlrq lv urexvw wr wkh lqwurgxfwlrq ri uhqhjrwldwlrq1

9 Frqfoxglqj Uhpdunv1

Zh ehjdq wklv zrun e| dvnlqj d ihz vlpsoh txhvwlrqv= vkrxog vhfhvvlrq uxohv eh lqwurgxfhg lq d ihghudo

frqvwlwxwlrqB Dqg li vr/ krz vkrxog wkh| eh vwuxfwxuhgB Wkh sdshu dgguhvvhv wkhvh txhvwlrqv lq d

yhu| vlpsoh wzr0frxqwu| prgho/ dqg lw r�huv wkh iroorzlqj dqvzhuv1 Wkh edvlf wudgh0r� lq fkrrvlqj

rswlpdo vhfhvvlrq uxohv lv ehwzhhq wkh h{ srvw ehqh�wv ri uhgxflqj wkh frvw ri glvvroylqj wkh ihghudwlrq

dqg wkh h{ dqwh ehqh�wv ri fuhgleo| frpplwwlqj wr wkh ihghudwlrq1 Wkh vshfl�f ihdwxuhv ri wkh uxohv

ghshqg rq wkh hfrqrplf dqg lqvwlwxwlrqdo iudphzrun lq zklfk wkh ihghudwlrq rshudwhv1 Dvvxplqj

56



wkdw wkh phpehu frxqwulhv fdq zulwh d frpsohwh frqwudfw dw wkh wlph ri mrlqlqj lq d ihghudwlrq/ zh

jhw d yhu| qhdw fkdudfwhul}dwlrq ri wkh rswlpdo vhfhvvlrq uxohv1 Xqghu frqglwlrqv ri ixoo lqirupdwlrq/

vhfhvvlrq uxohv pd| ru pd| qrw eh lqwurgxfhg/ ghshqglqj rq wkh uhohydqfh ri wkh ehqh�wv h{ dqwh wr

frpplw wr wkh ihghudwlrq/ zklfk lq wxuq ghshqg rq wkh h{dfw ihdwxuhv ri wkh sxeolf jrrg zklfk lv

r�huhg e| wkh ihghudwlrq1 Krzhyhu/ li wkh| duh lqwurgxfhg/ vhfhvvlrq uxohv vkrxog xvxdoo| wdnh wkh

irup ri dq xqfrqglwlrqdo uljkw wr vhfhgh> ehfdxvh ri wkh ghdgzhljkw orvv ri wd{dwlrq/ qr prqhwdu|

frpshqvdwlrq vkrxog eh sdlg e| wkh ohdylqj frxqwulhv1 Ixuwkhupruh/ dowkrxjk wkh rswlpdo vhfhvvlrq

uxohv � ru udwkhu wkh odfn ri wkhp � pd| lqgxfh vrph zhoiduh orvv h{ srvw/ d vhfhvvlrq zdu lv qhyhu

srvvleoh1 Wkh frqvwlwxwlrq zrxog dozd|v suhihu wr ohw wkh frxqwulhv ohdyh shdfhixoo| li wkh dowhuqdwlyh

lv d frvwo| zdu1

Uhvxowv fkdqjh zlwk dv|pphwulf lqirupdwlrq1 Lq wkdw fdvh/ lw pljkw eh rswlpdo qrw wr lqwurgxfh

vhfhvvlrq uxohv dw doo dw wkh frqvwlwxwlrqdo ohyho/ dowkrxjk wklv pd| ohdg wr d frvwo| vhfhvvlrq zdu

xqghu vrph uhdol}dwlrq ri wkh vwdwhv ri wkh zruog1 Wkh uhdvrq iru wklv uhyhuvdo ri uhvxowv lv wkdw xqghu

dv|pphwulf lqirupdwlrq wkh frxqwulhv zklfk ehqh�w iurp wkh ihghudwlrq h{ srvw pd| kdyh dq lqfhqwlyh

wr olh lq rughu wr dyrlg sd|lqj frpshqvdwlqj wudqvihuv1 Dv wkh ihghudwlrq euhdnv xs pruh hdvlo| zkhq

wkh ehqh�wlqj frxqwulhv olh/ lw pd| eh rswlpdo wr pdnh lw pruh frvwo| wr euhdn wkh ihghudwlrq/ vr dv

wr lqgxfh wuxwkixo uhyhodwlrq ri w|shv1 Dv d uhvxow/ krzhyhu/ vhyhuh zhoiduh orvvhv pd| rffxu xqghu

dv|pphwulf lqirupdwlrq li wkh ihghudwlrq hqgv xs euhdnlqj xs1

Rxu uhvxowv duh urxjko| frqvlvwhqw zlwk wkh hpslulfdo hylghqfh rq h{lvwlqj ihghudwlrqv1 Ihz frq0

vwlwxwlrqv doorz iru shdfhixo vhfhvvlrqv/ dqg zkhq wkh| gr/ wkh| xvxdoo| surylgh dq xqfrqglwlrqdo

uljkw wr vhfhgh1 Rxu uhvxowv pd| dovr eh xvhg wr txhvwlrq wkh rswlpdolw| ri wkh fxuuhqw frqvwlwxwlrqdo

duudqjhphqwv lq wkh Hxurshdq Prqhwdu| Xqlrq/ zklfk gr qrw frqvlghu dq| vhfhvvlrq uxoh1 Zh wklqn

krzhyhu wkdw wkh lvvxh ghvhuyhv pruh uhvhdufk1 Dv wkh dqdo|vlv zdv phdqw wr fdvw vrph oljkw rq d vr

idu qhjohfwhg lvvxh/ wkh prgho kdv ehhq gholehudwho| nhsw dw d yhu| vlpsoh ohyho1

Vhyhudo h{whqvlrqv +vxfk dv iru lqvwdqfh wr doorz iru pxowlsoh/ dv|pphwulf dqg ulvn dyhuvh frxqwulhv,
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zrxog eh zruwk sxuvxlqj lq rughu wr fdvw ixuwkhu oljkw rq wkh fkdudfwhulvwlfv ri h{lvwlqj ihghudwlrqv1

Iru h{dpsoh/ e| vlpso| lqwurgxflqj h{wud frxqwulhv d qxpehu ri qhz lvvxhv frxog eh glvfxvvhg1 Wkh

ihghudwlrq pljkw vxuylyh zkhq vrph ri wkh frxqwulhv ohdyh/ wkxv fkdqjlqj wkh lqfhqwlyh vwuxfwxuh1 D

jurxs ri frxqwulhv pd| irup d frdolwlrq wr h{sho rwkhuv/ dqg vr rq1 Lq wkh zrunlqj sdshu yhuvlrq ri

wklv sdshu +4<<<, iru h{dpsoh/ lw zdv vkrzq wkdw zlwk wkuhh frxqwulhv rswlpdo vhfhvvlrq uxohv xqghu

dv|pphwulf lqirupdwlrq pd| wdnh wkh irup ri d cfrqglwlrqdo* uljkw wr vhfhgh/ zlwk wkh ohdylqj frxqwulhv

ehlqj irufhg wr sd| prqhwdu| frpshqvdwlrqv wr wkh uhpdlqlqj frxqwulhv1

Lw vkrxog dovr eh srlqwhg rxw wkdw rxu uhvxowv fuxfldoo| ghshqg rq wkh srvvlelolw| ri xvlqj frpsohwh

frqwudfwv dw wkh frqvwlwxwlrqdo ohyho1 Wkh cfrpsohwh frqwudfwv* sdudgljp lv d xvhixo ehqfkpdun dqg

lw pljkw qrw eh wrr edg dq dvvxpswlrq iru vrph h{lvwlqj ihghudwlrqv1 Krzhyhu/ lq pdq| rwkhu fdvhv/

frqvwlwxwlrqv duh suredeo| ehwwhu vhhq dv lqfrpsohwh frqwudfwv1 Wkdw lv/ ehfdxvh ri wkh lpsrvvlelolw|

ri suhglfwlqj dqg ghvfulelqj h{ dqwh doo ixwxuh frqwlqjhqflhv/ frqvwlwxwlrqv fdq rqo| vshfli| surfhgxuhv

wr pdnh ghflvlrqv zklfk duh lqghshqghqw ri frqwlqjhqflhv +vhh Gl{lw/ 4<<9/ Wdehoolql dqg Shuvvrq/

4<<<> Djklrq dqg Erowrq/ 4<<;,1 Lq rxu frqwh{w/ rqh vkrxog wkhuhiruh dvn zklfk rswlpdo surfhgxuhv

vkrxog eh fkrvhq dw wkh frqvwlwxwlrqdo ohyho wr doorz iru shdfhixo vhfhvvlrq/ wdnlqj lqwr dffrxqw wkh

wudgh0r� ehwzhhq h{ dqwh dqg h{ srvw rswlpdolw| zklfk lv lpsolflw lq wkh vhfhvvlrq uxohv1 Zh wklqn

wkdw h{whqglqj rxu dqdo|vlv wr wkhvh lvvxhv zrxog eh d yhu| lqwhuhvwlqj dyhqxh iru ixuwkhu uhvhdufk1

Dsshqgl{

Surri ri Sursrvlwlrq 41 Li zh ljqruh wkh h{ srvw lqglylgxdo udwlrqdolw| frqglwlrqv/ rswlpdolw|

uhtxluhv wkdw wkh ihghudwlrq eh pdlqwdlqhg lq doo vwdwhv ri wkh zruog vxfk wkdw=

5� . �� . �2 � 3 +9,

Li � � �f/ wkh h{ srvw sduwlflsdwlrq frqvwudlqwv duh vdwlv�hg zkhq qr wudqvihu rffxuv1 Wkhuhiruh lq

wkdw fdvh lw lv erwk ihdvleoh dqg ghvludeoh wr pdlqwdlq wkh ihghudwlrq1 Qrwlfh wkdw li � � �f wkhq
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frqglwlrq +7, lpsolhv frqglwlrq +9,1 Li � ? �f wkhq frpshqvdwlqj wudqvihuv duh qhhghg1 Vlqfh wudqvihu

duh vrfldoo| frvwo|/ rswlpdolw| uhtxluhv wkdw wkh| eh htxdo wr wkh orzhvw srvvleoh dprxqw1 Wkhuhiruh/ dq

djhqw ri w|sh � uhfhlyhv d wudqvihu �W @ � +� . f,1 Wkh dvvrfldwhg frvw lv ��W iru hdfk djhqw ri w|sh �

vr wkdw/ rqfh wkh lqglylgxdo udwlrqdolw| frqvwudlqw ri w|sh � kdv ehhq wdnhq lqwr dffrxqw/ wkh frqglwlrq

iru vrfldo rswlpdolw| ehfrphv=

2[
�'�

�
�� � �pd{

q
3>�

�
�� . f

�r�
� �5� +:,

Zh kdyh wr pdnh vxuh wkdw wkh h{ srvw lqglylgxdo udwlrqdolw| frqvwudlqw iru w|sh � lv vdwlv�hg/ wkdw lv=

� � �W +4 . �, � �f +;,

vlqfh d wrwdo vxevlg| �Wkdv wr eh sdlg wr w|sh �1 Xvlqj �W @ � +� . f,/ lqhtxdolw| +;, fdq eh zulwwhq

dv=

� . +� � ��W, � �5f

zklfk fdq dovr eh zulwwhq dv=

2[
�'�

�
�� � �pd{

q
3>�

�
�� . f

�r�
� �5f +<,

Wkhuhiruh/ pdlqwdlqlqj wkh ihghudwlrq lv erwk ghvludeoh dqg ihdvleoh zkhq lqhtxdolwlhv +:, dqg +<, duh

erwk vdwlv�hg1 Wklv lv htxlydohqw wr frqglwlrq +7,1

Surri ri Ohppd 41 Zh kdyh douhdg| vkrzq wkdw wkh ghflvlrq wr glvvroyh lv uhqhjrwldwlrq surri1

Vxssrvh wkdw wkh frqvwlwxwlrq suhvfulehv wkdw wkh ihghudwlrq vkrxog eh pdlqwdlqhg1 Lq wklv fdvh/ wkh

frxqwu| zlwk �� @ � lv sdlg d wudqvihu �W @ pd{ i3>� +� . f,j dqg wkh frxqwu| ri w|sh � sd|v �W +4 . �,1

D frxqwu| ri w|sh � dozd|v uhfhlyhv d qhjdwlyh xwlolw| +l1h1 �f, zkhq wkh ihghudwlrq lv pdlqwdlqhg1 Li

lw dovr wxuqv rxw wkdw � � �W +4 . �, � 3 wkhq wkh frxqwulhv zloo uhqhjrwldwh dqg djuhh wr glvvroyh wkh

ihghudwlrq dw }hur frvw1 Lw lv lpphgldwh wr vhh wkdw lq wklv fdvh frqglwlrq +8, lv ylrodwhg1
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Vxssrvh wkhq wkdw � � � W +4 . �, A 31 Lq wklv fdvh wkh ihghudwlrq lv glvvroyhg rqo| li wkh w|sh �

frxqwu| lv deoh wr frpshqvdwh wkh w|sh � frxqwu|1 Iru wklv wr eh wkh fdvh/ lw pxvw eh srvvleoh wr �qg

d wudqvihu U vxfk wkdw=

U � � � �W +4 . �, �U +4 . �, � � . �W

Wkh �uvw lqhtxdolw| vwdwhv wkdw wkh wudqvihu uhfhlyhg e| d frxqwu| zlwk w|sh � pxvw eh hqrxjk wr

pdnh lw dffhsw wkh glvvroxwlrq ri wkh ihghudwlrq1 Wudqvihuulqj U wr wkh w|sh � frxqwu| uhtxluhv d wd{

U +4 . �, rq wkh w|sh � frxqwu|1 Wkh vhfrqg lqhtxdolw| lpsolhv wkdw frxqwulhv zlwk w|sh � duh zloolqj

wr sd| wkh wd{ lq rughu wr jhw wkh ihghudwlrq glvvroyhg1 Wkh wudqvihu U h{lvwv/ vr wkdw uhqhjrwldwlrq lv

srvvleoh/ li=

3 � +4 . �,
�
� � �W +4 . �,

�
. +� . �W,

Wklv lpsolhv wkdw uhqhjrwldwlrq fdq eh suhyhqwhg rqo| li +8, krogv1

Surri ri sursrvlwlrq 51 Dvvxph wkdw frqglwlrq +8, lv qrw vdwlv�hg1 Zh �uvw revhuyh wkdw dq| vrfldo

frqwudfw wkdw pdlqwdlqv wkh ihghudwlrq dw vwdwh
�
�> �
�
dqg jlyhv d srvlwlyh wudqvihu wr frxqwulhv ri w|sh

� lv qrw uhqhjrwldwlrq surri1

D vxevlg| wr d frxqwu| ri w|sh � fdq rqo| eh sdlg li � A �f/ rwkhuzlvh wkh sduwlflsdwlrq frqvwudlqw

iru w|shv � zrxog eh ylrodwhg1 Lq wkdw fdvh zh kdyh �W @ 3 dqg vlqfh +8, lv ylrodwhg zh kdyh=

� . � ? ���= +43,

Vxssrvh wkdw wkh vrfldo frqwudfw suhvfulehv d srvlwlyh wudqvihu � wr frxqwulhv zlwk w|sh �1 Lq rughu wr

uhqhjrwldwh wkh frqwudfw dqg glvvroyh wkh ihghudwlrq lw kdv wr eh srvvleoh wr frpshqvdwh wkh frxqwu|

ri w|sh �1 Wkhuhiruh/ uhqhjrwldwlrq rffxuv li zh fdq �qg U vxfk wkdw=

U A � . � �U +4 . �, A � � � +4 . �,

Frpelqlqj wkh wzr lqhtxdolwlhv/ zh vhh wkdw uhqhjrwldwlrq lv srvvleoh li ��� A � . �/ zklfk lv h{dfwo|

frqglwlrq +43,1

5:



Wkhuhiruh/ zh rqo| qhhg wr zruu| derxw wudqvihuv wr frxqwulhv ri w|sh �1 Vlqfh +8, lv ylrodwhg zh

kdyh=

� . � ? ��� . �W� +5 . �, +44,

Dvvxph wkdw d wudqvihu � A �W lv sdlg wr frxqwulhv ri w|sh �1 Uhqhjrwldwlrq rffxuv li wkh xwlolw| ri hdfk

frxqwu| lv qhjdwlyh1 Ixuwkhupruh/ xwlolw| fdqqrw eh srvlwlyh iru erwk w|shv/ vlqfh wklv zrxog lpso|

wkdw frqglwlrq +8, lv vdwlv�hg1 Zh kdyh wkhuhiruh wr frqvlghu rqo| fdvhv lq zklfk hlwkhu wkh xwlolw| ri

w|sh � ru wkh xwlolw| ri w|sh � lv vwulfwo| srvlwlyh1 Ohw xv orrn dw wkh wzr fdvhv1

Fdvh 4= � . � A 3/ � � � +4 . �, ? 3= Lq wklv fdvh w|shv � kdyh wr frpshqvdwh w|shv � lq rughu wr

glvvroyh wkh ihghudwlrq1 Uhqhjrwldwlrq lv srvvleoh li wkhuh h{lvwv U vdwlvi|lqj=

U A � . � �U +4 . �, A � � � +4 . �,

zklfk |lhogv wkh frqglwlrq=

� . � ? ��� +45,

AIurp +45, dqg +44,/ zh frqfoxgh wkdw uhqhjrwldwlrq lv dozd|v srvvleoh li=

��� � �W�� �� . �W� +4 . �,

zklfk fdq dovr eh zulwwhq dv=

� � �W +4 . �, � � . �W @ �f

zklfk lv dozd|v vdwlv�hg1

Fdvh 5= � . � ? 3/ � � � +4 . �, A 31 Lq wklv fdvh uhqhjrwldwlrq lv srvvleoh li=

�� +5 . �,� �� � � . � +46,

Vlqfh +44, lv vdwlv�hg/ lqhtxdolw| +46, lv vdwlv�hg li � A �W1 Wklv pxvw eh wkh fdvh/ vlqfh �W lv wkh

orzhvwÀw wudqvihu vdwlvi|lqj h{ srvw lqglylgxdo udwlrqdolw|1

Surri ri sursrvlwlrq 71 Zh �uvw hvwdeolvk wkh iroorzlqj ohppdv1
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Ohppd 5 Vxssrvh � ? �f1 Wkhq iru hyhu| ihdvleoh vrfldo frqwudfw lw pxvw eh wkh fdvh wkdw iru hdfk

vwdwh ri wkh zruog � vxfk wkdw g +�," +�, A 3 zh kdyh � � +�, @ 3 li �� @ �1

Surri1 Li g +�," +�, A 3 wkhq h{ srvw udwlrqdolw| kdv wr eh vdwlv�hg1 Vlqfh zh duh dqdo|}lqj wkh fdvh

� ? �f/ w|sh � pxvw uhfhlyh d vwulfwo| srvlwlyh wudqvihu1 Wkhuhiruh/ lq hyhu| v|pphwulf frqvwlwxwlrq

w|sh � pxvw sd| d wd{ zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg dqg w|sh � lv suhvhqw1 Li qr w|sh � lv

suhvhqw wkhq }hur wudqvihuv duh lpsolhg e| v|pphwu|1

Ohppd 6 Wkh suredelolw| ri glvvroylqj wkh ihghudwlrq lv kljkhu zkhq d w|sh � lv dqqrxqfhg/ wkdw lv=

[

w
3�
Miwcwj

s
�
�3�
�
"3�

�
�> �3�

�
g
�
�> �3�

�
�

[

w3�
Miwcwj

s
�
�3�
�
"3�

�
�> �3�

�
g
�
�> �3�

�

Surri1 Vlqfh � ? �f/ wkh ihghudwlrq lv dozd|v glvvroyhg zkhq wkh vwdwh ri wkh zruog lv +�> �,1 Li lw lv

dovr glvvroyhg zkhq wkh vwdwh ri wkh zruog lv
�
�> �
�
wkhq wkh ohppd lv suryhg1 Li qrw/ wkhq dq| rswlpdo

frqwudfw pxvw kdyh g
�
�> �
�
"
�
�> �
�
@ 4/ vlqfh wklv grhv qrw ylrodwh wkh LF frqvwudlqw iru wkh orz w|sh

dqg khosv lq pdnlqj wkh LF frqvwudlqw iru wkh kljk w|sh vdwlv�hg1

Ohppd 6 lv xvhg wr suryh wkh iroorzlqj1

Ohppd 7 Lw lv qhyhu wkh fdvh wkdw d frxqwu| ri w|sh � uhfhlyhv d vxevlg| � �
�
�> �3�

�
A � +� . f, zkhq

wkh ihghudwlrq lv pdlqwdlqhg1

Surri1 Ehfdxvh ri wkh ghdgzhljkw frvw �/ wudqvihuv hqwhu qhjdwlyho| lqwr wkh remhfwlyh ixqfwlrq1 Lw

fdqqrw wkhuhiruh eh wkh fdvh wkdw/ dw dq rswlpdo srlqw/ qr frqvwudlqw lv elqglqj1 Lq sduwlfxodu/ hlwkhu

LF ru LF pxvw eh elqglqj1 Fohduo|/ d uhgxfwlrq lq � �
�
�> �3�

�
grhv qrw ylrodwh LF1 Wkhuhiruh/ LF pxvw

krog zlwk htxdolw|1 Vlqfh wkh vxevlg| lv sdlg/ wkh ihghudwlrq lv pdlqwdlqhg lq wkh vwdwh ri wkh zruog
�
�> �
�
dqg rswlpdolw| uhtxluhv wkdw lw eh pdlqwdlqhg dw vwdwh

�
�> �
�
dv zhoo1 Wklv lpsolhv wkdw e| idovho|

dqqrxqflqj �/ d w|sh � zloo wuljjhu wkh lqghshqghqfh zdu iru vxuh/ vlqfh zkdwhyhu wkh dqqrxqfhphqw ri
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wkh rwkhu frxqwu| wkh vrfldo ghflvlrq zloo eh wr pdlqwdlq wkh ihghudwlrq sd|lqj qr vxevlg| wr wkh frxqwu|

dqqrxqflqj �1 Wkxv/ wkh UKV ri wkh LF frqvwudlqw lv mxvw �f1 Exw wkhq/ li � �
�
�> �3�

�
A � +� . f, wkh

LF frqvwudlqw fdqqrw krog zlwk htxdolw|/ vlqfh e| dqqrxqflqj � wkh frxqwu| uhfhlyhv vwulfwo| pruh wkdq

�f li wkh rwkhu frxqwu| dqqrxqfh � dqg dw ohdvw �f rwkhuzlvh1 Wklv hqgv wkh surri ri wkh ohppd1

Wkh wzr ohppdv lpso| wkdw zh fdq uhvwulfw rxu dwwhqwlrq wr vrfldo frqwudfwv vxfk wkdw � � +�, @ �W

zkhqhyhu g +�," +�, A 31 Lw lv fohdu wkdw dw hdfk vwdwh ri wkh zruog wd{hv duh vhw dw wkh ohyho wkdw

edodqfh wkh exgjhw/ wkdw lv zkhqhyhu wkh ihghudwlrq lv pdlqwdlqhg wd{hv dqg vxevlglhv duh h{dfwo| dv

lq wkh frpsohwh lqirupdwlrq vlwxdwlrq1 Wkh uhdvrq lv wkdw wd{hv hqwhu qhjdwlyho| lqwr wkh remhfwlyh

ixqfwlrq dqg fdq rqo| fuhdwh sureohpv iru wkh LF frqvwudlqw ri w|sh �1
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