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Frruglqdwlrq dqg Surylvlrq ri Glvfuhwh

Sxeolf Jrrgv e| Fruuhodwhg Htxloleuld

Doehuwr Fdydolhuh�

+Ghsduwphqw ri Sxeolf Hfrqrplfv/ Xqlyhuvlw| ri Sdyld0Lwdo|,
fdydolhuCxqlsy1lw

Iheuxdu| 5333

Devwudfw

Wkh vwudwhjlf dqdo|vlv ri wkh sulydwh surylvlrq ri glvfuhwh sxeolf

jrrgv kdv vkrzq wkh h{lvwhqfh ri pxowlsoh Qdvk Htxloleuld zlwk wkh

h!flhqw qxpehu ri sod|huv yroxqwdulo| frqwulexwlqj1 Krzhyhu wkh fr0

ruglqdwlrq lvvxh lv ohiw xqh{sodlqhg e| wklv olwhudwxuh1 Wkh h{shulphq0

wdo hylghqfh vkrzv wkdw frppxqlfdwlrq dprqj sod|huv lv khosixo wr

dfklhyh ffrshudwlrq1Zh fodlp wkdw/ iurp wkh wkhruhwlfdo srlqw ri ylhz/

wklv lv htxlydohqw wr sod|lqj fruuhodwhg htxloleuld lq dq h{whqghg sxe0

olf jrrg jdph zlwk frppxqlfdwlrq/ prghoohg dv Fklfnhq1 Zh fkdu0

dfwhulvh vxfk htxloleuld dv ihdvleoh fruglqdwlrq phfkdqlvpv wr dfklhyh

sxeolf jrrgv surylvlrq lq wkh jhqhudo frqwulexwlrq jdph1Zh ixuwkhu

lqwurgxfh d vhfrqg nlqg ri jdph fkdudfwhulvhg e| sd|0r� h{whuqdol0

wlhv wkdw pd| shuvlvw diwhu wkh plqlpdo wkuhvkrog ri frqwulexwruv lv

dfklhyhg1 Zkloh lw lv hdv| wr vkrz wkh h{lvwhqfh ri Sduhwr h!flhqw

fruuhodwhg htxloleuld lq wkh �uvw jdph/ lq wkh vhfrqg rqh sod|huv idfh

lqfhqwlyh sureohpv vxfk wkdw d �uvw ehvw fdqqrw dozd|v eh dq htxl0

oleulxp1 Qhyhuwkhohvv wkhuh h{lvw fruuhodwhg htxloleuld wkdw fdq eh

txdol�hg dv lqfhqwlyh h!flhqw phfkdqlvpv/ rqfh iuhh ulglqj lv vhhq dv

�Dnqrzohgjhphqwv= L zrxog olnh wr wkdqn Jxlgr Dvfdul/ Sdror Ehuwrohwwl dqg hvshfldoo|

Hqulfr Plqhool iru xvhixo glvfxvvlrqv dqg wzr dqrq|prxv uhihuhhv iru wkhlu frpphqwv rq d

�uvw yhuvlrq ri wklv sdshu1 L dp dovr judwhixo wr wkh Ghsduwphqwri Hfrqrplfv ri Xqlyhuvlw|

Froohjh Orqgrq iru lwv krvslwdolw|1 Ilqdqfldo vxssruw e| FQU lv dnqrzohgjhg1
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d prudo kd}dug lvvxh1 Ilqdoo|/ zlwk dq h{dpsoh/ zh glvfxvv wkh lpsdfw

ri frdolwlrq irupdwlrq lq rxu iudphzrun1

MHO Fodvvl�fdwlrq=F:5/G:</G;</K74

Nh| zrugv= sulydwh surylvlrq ri sxeolf jrrgv/ frqwulexwlrq jdphv/

jdphv zlwk frppxqlfdwlrq/ lqfhqwlyhv1

4 Lqwurgxfwlrq

Lq wkhlu vhplqdo frqwulexwlrq frqfhuqlqj wkh sulydwh surylvlrq ri glvfuhwh sxe0
olf jrrgv/ Sdoiuh| dqg Urvhqwkdo +4<;7, srlqw rxw wkdw wkh iuhh ulghu sureohp
kdv wzr vlghv= wkh ghpdqg uhyhodwlrq txhvwlrq dqg wkh sduwlflsdwlrq lvvxh1
Hyhq li suhihuhqfhv iru wkh sxeolf jrrg zhuh shuihfo| nqrzq dqg2ru wkh zloo0
lqjqhvv wr sd| iru wkh sxeolf jrrgv zhuh wkh vdph iru hdfk djhqw/ rqh fdqqrw
h{foxgh vwudwhjlf ehkdylrxu zlwk uhvshfw wr sduwlflsdwlrq= hdfk phpehu ri d
jurxs zloo eh whpswhg wr iuhh ulgh/ krslqj wkdw wkh rwkhu phpehuv zloo sd|
wkh frvw ri wkh sxeolf jrrg1

Krzhyhu yroxqwdu| sduwlflsdwlrq fdq eh revhuyhg qrw rqo| lq hfrqrplf
uhdolw| exw dovr frqvlghulqj wkh juhdw ghdo ri h{shulphqwdo hylghqfh wkdw zh
glvsrvh ri +Ohg|dug/ 4<<5,1 Iurp wkh wkhruhwlfdo srlqw ri ylhz/ Sdoiuh| dqg
Urvhqwkdo vkrz wkdw yroxqwdu| sduwlflsdwlrq lv ihdvleoh/ lq d jdph zkhuh d
glvfuhwh sxeolf jrrg lv wr eh surylghg1 Lq wkhlu prgho wkhuh duh lq idfw erwk
sxuh vwudwhj| dqg pl{hg vwudwhj| Qdvk htxloleuld fkdudfwhulvhg e| wkh sulydwh
surylvlrq ri d sxuh sxeolf jrrg1 Pruhryhu/ wkh h!flhqw qxpehu ri sod|huv
frqwulexwlqj lv dq htxloleulxp1

Rqh sureohp zlwk wkhvh uhvxowv lv wkh pxowlsolflw| ri htxloleuld1 Zkhq
wkh qxpehu ri sod|huv lv odujh/ pl{hg vwudwhj| htxloleuld fdq eh h{foxghg e|
Sdoiuh| dqg Urvhqwkdo/ exw vwloo d sohwkrud ri sxuh vwudwhj| Qdvk htxloleuld
uhpdlq lq wkhlu prgho1Wklv uhsuhvhqwv d uhohydqw lvvxh wr wkh h{whqw wkdw lw
lv xqfohdu zk| djhqwv vkrxog sod| rqh htxloleulxp udwkhu wkdq dqrwkhu rqh1
Wkh dxwkruv vwdwh lq idfw wkdw �Vrph irup ri frruglqdwlrq lv suredeo| yhu|
lpsruwdqw +srvvleo| qhfhvvdu|, iru wkh dwwdlqphqw ri d Qdvk htxloleulxp�41

Wkh h{shulphqwdo hylghqfh vkrzv wkdw wkh ghjuhh ri frrshudwlrq dprqj
sod|huv lq d sxeolf jrrg jdph lv juhdwo| hqkdqfhg zkhq sod|huv duh doorzhg wr

4Sdoiuh| dqg Urvhqwkdo/ 4<;7/ s14<41

5



frppxqlfdwh +vhh iru h{dpsoh Ohg|dug 4<<5/ dqg Gdzhv dqg Wkdohu/ 4<;;,1
Frppxqlfdwlrq fdq eh khosixo wr dfklhyh frruglqdwlrq dprqj sod|huv*df0
wlrqv1 Dv wr wkh zd| wr lqwurgxfh frppxqlfdwlrq lq sxeolf jrrg jdphv/ rqh
fdq vxssrvh wkdw sod|huv frppxqlfdwh �uvw dqg wkhq sod| wkh jdph51 Exw
ghdolqj zlwk frppxqlfdwlrq lq wkh h{whqvlyh irup zrxog eh wrr frvwo| dq
rswlrq iurp wkh prghoolqj srlqw ri ylhz61 Iurp wkh wkhruhwlfdo srlqw ri ylhz
wkh lghd wr sod| d jdph zlwk frppxqlfdwlrq fdq dovr eh ghdow zlwk xvlqj vr0
oxwlrq frqfhswv/ sduwlfxoduo| wkh frqfhsw ri fruuhodwhg htxloleulxp +Dxpdqq/
4<:7 dqg 4<;:,1 Wkh lghd ri d fruuhodwhg htxloleulxp lv wkdw sod|huv �qg
frppxqlfdwlrq khosixo wr fruuhodwh wkhlu vwudwhjlhv e| xvlqj frpprq udqgrp
ghylfhv +olnh frlq  lsv ru vxqvsrwv, dqg wkhq sod| d Qdvk htxloleulxp lq wkh
h{whqghg jdph zlwk frppxqlfdwlrq1 Wkdqnv wr frppxqlfdwlrq/ sod|huv fdq
djuhh rq wkh suredelolw| wkdw dq|rqh ri wkhp zloo slfn xs rqh dfwlrq udwkhu
wkdq dqrwkhu rqh1 Fruuhodwlrq wkxv fuhdwhv wkhq d exlow lq frqvhqvxv derxw
wkh idfw wkdw rqh jdph zloo eh sod|hg lq rqh vshfl�hg zd|1 Wklv lghd vhhpv
dsshdolqj lq rxu iudphzrun/ ehlqj vxssruwhg dovr e| h{shulphqwdo uhvxowv
vkrzlqj wkdw sod|huv/ zkhq doorzhg wr frppxqlfdwh/ riwhq dgrsw orwwhulhv
dv udqgrp ghylfhv iru wkh glvwulexwlrqdo ghflvlrq derxw wkh doorfdwlrq ri wkh
frvw ri d sxeolf jrrg fkdudfwhulvhg e| d wkuhvkrog +Ydq gh Nudjw/ Ruehoo dqg
Gdzhv/4<;6,1

Lq vhfwlrq rqh zh vwduw iurp wkh ruljlqdo frqwulexwlrq jdph7 ri Sdoiuh|
dqg Urvhqwkdo dqg h{whqg htxloleulxp dqdo|vlv wr frqvlghu dovr wkh qrwlrq ri
fruuhodwhg htxloleulxp1Zh vkdoo surylgh wkh edvlf lqwxlwlrqv frqfhuqlqj wkh
ihdvlelolw| dqg h!flhqf| ri wkh yroxqwdu| surylvlrq ri d sxeolf jrrg lq d
fruuhodwhg htxloleulxp/ vwduwlqj iurp d wzr0sod|huv h{dpsoh1 Zh vkdoo wkhq
jlyh d gh�qlwlrq ri fruuhodwhg htxloleulxp iru wkh jhqhudo jdph dqg glvfxvv

5Rqh dssurdfk lv wr frpsduh d jdph lq wkh xvxdo vhqvh zlwk dq dxjphqwhg yhuvlrq ri
wkh jdph lq zklfk vrph dgglwlrqdo vwudwhjlhv duh dgghg wkdw kdyh qr dssduhqw h�hfw rq
sd|r�v= frppxqlfdwlrq lv mxvw fkhds wdon1 D jdph fdq wkhq eh sod|hg wzlfh= rqh wlph
wkh ghflvlrqv uhvxow lq qr sd|0r� exw sod|huv pd| revhuyh rwkhuv �k|srwkhwlfdo� ghflvlrqv/
dqg wkhq d vhfrqg wlph wkh jdph lv sod|hg iru uhdo1 Wklv lv wkh dssurdfk iroorzhg e|
Sdoiuh| dqg Urvhqwkdo +4<<4, wr whvw wkh h�hfw ri frpxqlfdwlrq rq d sxeolf jrrg jdph
zlwk lqfrpsohwh lqirupdwlrq1

6Iru h{dpsoh wr irupdoo| prgho sod|hu rqh*vrssruwxqlw| wr vd| rqh zrug wr sod|hu wzr/
sod|hu rqh pxvw kdyh d pryh dqg sod|hu wzr pxvw kdyh dq lqirupdwlrq vwdwh iru hyhu|
zrug lq wkh glfwlrqdu|1 Fiu P|huvrq +4<<7,

7Zh uhplqg wkdw lq frqwulexwlrq jdphv frqwulexwlrqv duh qrw uhixqghg li wkh surmhfw lv
qrw frpsohwhg1 Zh vkdoo qrw ghdo dw doo zlwk vxevfulswlrq jdphv/ lq zklfk frqwulexwlrqv
fdq lqvwhdg eh uhixqghg1
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wkh h!flhqf| lvvxh1 Lq vhfwlrq wzr zh vkdoo ixuwkhu h{whqg rxu dqdo|vlv wr d
voljkwo| gl�huhqw fdvh lq zklfk qrw rqo| wkh ehqh�wv gxh wr wkh frqvxpswlrq
ri wkh sxeolf jrrg exw dovr wkh frqwulexwlrq dprxqw jurzv zlwk wkh qxp0
ehu ri frqwulexwlqj sod|huv1 Zlwk uhvshfw wr wkh �uvw fdvh/ zh dvvxph wkdw
sd|0r� h{whuqdolw| dprqj sod|huv fdq shuvlvw hyhq diwhu wkh wkuhvkrog iru wkh
surylvlrq ri wkh sxeolf jrrg kdv ehhq uhdfkhg1 Lq wklv odvw fdvh qrw rqo| wkh
fkdudfwhulvdwlrq ri d fruuhodwhg htxloleulxp fkdqjhv +vhfwlrq 614, exw dovr rxu
uhvxowv frqfhuqlqj h!flhqf| duh prgl�hg +vhfwlrq 615,1 Zh srlqw rxw wkdw d
Sduhwr h!flhqw doorfdwlrq fdq qr orqjhu eh dfklhyhg zlwk d fruuhodwhg htxlole0
ulxp1 Frqvwudlqhg Sduhwr h�flhqw doorfdwlrqv fdq krzhyhu eh uhdfkhg zkhq
frqvlghulqj iuhh ulglqj dv d prudo kd}dug sureohp dqg fruuhodwhg htxloleuld
dv lqfhqwlyh h!flhqw phfkdqlvpv +P|huvrq/ 4<;8, wr ghdo zlwk lw1 Ilqdoo|
zh dovr surylgh dq h{dpsoh derxw wkh idfw wkdw sod|huv frxog irup frdolwlrqv
rq wkh edvlv ri dv|pphwulf lqirupdwlrq frqfhuqlqj wkh rxwfrph ri wkh udq0
grp ghylfh+vhfwlrq 616,1 Lq wklv fdvh qrw rqo| wkh lqglylgxdo sd|r� ri wkh
ehwwhu lqiruphg sod|huv lqfuhdvhv exw dovr froohfwlyh zhoiduh ixuwkhu lpsuryhv
zlwk uhvshfw wr wkh v|pphwulf fruuhodwhg htxloleulxp wkdw lv jhqhudwhg e|
wkh lqfhqwlyh h!flhqw phfkdqlvp1 Wklv odvw uhvxow ohdgv xv wr ghulyh vrph
frqfoxvlrqv derxw wkh hfrqrplf lqfhqwlyhv ri wkrvh djhqwv zkr fuhdwhv sul0
ydwh lqvwlwxwlrqv wr surylgh sxeolf jrrgv1Vrph frqfoxvlrqv dqg vxjjhvwlrqv
iru ixuwkhu uhvhdufk duh jlyhq lq vhfwlrq irxu1

5 Fruuhodwhg Htxloleuld lq wkh Frqwulexwlrq

Jdph

Wkh irupdo vshfl�fdwlrq ri wkh frqwulexwlrq jdph iroorzv gluhfwo| Sdoiuh| dqg
Urvhqwkdo +4<;7,1 Wkhuh duh � sod|huv �c hdfk zlwk sxuh vwudwhjlhv ghqrwhg
r� ri hlwkhu frqwulexwlqj d �{hg dprxqw S +r� ' �, ru qrw frqwulexwlqj dw doo
+r� ' f,1 Wkh qxpehu ri frqwulexwruv wkdw lv qhfhvvdu| wr surgxfh wkh sxeolf
jrrg lv ghqrwhg e| � dqg wkh dfwxdo qxpehu ri frqwulexwruv e| 61 Li 6 	 �

wkh jrrg lv qrw surylghg1 Zh dvvxph wkdw xwlolw| ixqfwlrqv duh olqhdu lq wkh
ehqh�wv ri wkh sxeolf jrrg dqg wkh frvw ri sduwlflsdwlrq1 Wkh uxohv ri wkh
jdph duh wkh iroorzlqj=

Li 6 � � dqg r� ' �/ � uhfhlyhv �� S

Li 6 � � dqg r� ' f/ � uhfhlyhv �
Li 6 	 � dqg r� ' �/ � uhfhlyhv �S
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Li 6 	 � dqg r� ' f/ � uhfhlyhv f

Zh fdq vwduw htxloleulxp dqdo|vlv zlwk dq h{dpsoh lq zklfk � ' 2 dqg
� ' �1 Lq wklv fdvh wkh vwudwhjlf irup lv wkh iroorzlqj=

�� Sc �� S �� Sc �

�c � � S fc f

Wkh udqnlqj ri sd|r�v lv wkdw ri wkh jdph ri Fklfnhq81 Dfwxdoo| wklv jdph
kdv wzr Qdvk htxloleuld lq sxuh vwudwhjlhv1 Lq hdfk htxloleulxp rqh sod|hu
frqwulexwhv wr wkh sxeolf jrrg/ jlyhq wkdw wkh rwkhu lv qrw frqwulexwlqj1 Dw
htxloleulxp zh wkxv revhuyh erwk iuhh ulglqj e| rqh sod|hu dqg wkh surylvlrq
ri wkh sxeolf jrrg wkurxjk wkh frqwulexwlrq ri wkh rwkhu rqh91 Ehvlghv wkh
wzr htxloleuld lq sxuh vwudwhjlhv/ dqrwkhu htxloleulxp lq pl{hg vwudwhjlhv dovr
h{lvwv lq zklfk hdfk sod|hu frqwulexwhv zlwk suredelolw| � � S dqg jhwv dq
h{shfwhg sd|0r� htxdo wr �� S1 Jlyhq wkh pxowlsolflw| ri htxloleuld +qrqh ri
zklfk Sduhwr grplqdwhv wkh rwkhu rqhv, wkh ihdvlelolw| ri yroxqwdu| surylvlrq
dsshduv khuh dv d frruglqdwlrq sureohp= zklfk sod|hu zloo frqwulexwh wr wkh
sxeolf jrrg dqg zkr zloo kdyh d iuhh ulgh lqvwhdgB

Wkh suhylrxv olwhudxuh ghdolqj zlwk wkh sulydwh surylvlrq ri sxeolf jrrgv
dv wkh jdph ri Fklfnhq kdv qhjohfwhg wr frqvlghu wkdw sod|huv kdyh d ixu0
wkhu rssruwxqlw|1 Li wkh| duh doorzhg wr frppxqlfdwh/ wkh| fdq fruuhodwh
wkhlu vwudwhjlhv e| xvlqj frpprq udqgrp ghylfhv dqg wkhq sod| wkh jdph
dffruglqjo|1 Frqfhuqlqj rxu h{dpsoh/ ohw sod|huv  ls d idlu frlq dqg wkhq
djuhh wr ohw sod|hu rqh qrw frqwulexwh li khdgv rffxuv dqg frqwulexwh li wdlov
grhv/ zkloh sod|hu wzr frqwulexwhv li khdgv rffxuv dqg grhv qrw frqwulexwhv
li wdlov rffxuv1 Dfwxdoo|/ rqh fdq fkhfn wkdw qr sod|hu zloo ghyldwh iurp wkh
suhvfulehg vwudwhj|/ jlyhq wkdw lwv rssrqhqw dovr iroorzv lw1 Wkh glvwulex0
wlrq 425 +3/ 4,/ 425 +4/ 3, uhsuhvhqwv d fruuhodwhg htxloleulxp= sod|huv duh
mrlqwo| udqgrpl}lqj ryhu wkhlu sxuh vwudwhj| Qdvk Htxloleulxd1 Zkdw iroorzv
lv wkh frqyhqwlrqdo uhsuhvhqwdwlrq ri wkh vdph fruuhodwhg htxloleulxp dv d
suredelolw| glvwulexwlrq ryhu wkh fhoov ri wkh vwudwhjlf irup=

8Suhylrxv dssolfdwlrqv ri wklv nlqg ri jdph wr wkh wkhru| ri sxeolf jrrgv lqfoxgh dovr
Wd|oru dqg Zdug +4<;5,/ Olsqrzvn| dqg Pdlwdo +4<;5,/ Eolvv dqg Qdohex� +4<;7,/ Fruqhv
dqg Vdqgohu +4<;7, dqg Sdoiuh| dqg Urvhqwkdo +4<;;,1

9Wklv uhvxow lv d gluhfw frqvhtxhqfh ri wkh w|slfdo vwuxfwxuh ri wkh Fklfnhq jdph lpso|0
lqj wkdw = 4, Wkh frqwulexwlrq ri rqh djhqw lv vx�flhqw wr surylgh wkh sxeolf jrrg 5, Wkh
surylvlrq ri wkh sxeolf jrrg jlyhv wr hdfk djhqw vxfk d ehqh�w wr mxvwli| klv frqwulexwlrq/
hyhq zkhq klv rssrqhqw grhv qrw frqwulexwh wr lw1 Lq idfw li qr surylvlrq zrxog rffxu wkh
djhqw zrxog vx�hu d orvv wkdw ryhufrphv wkh ehqh�wv ri frvw dyrlgdqfh zkhq erwk sod|huv
ghihfw
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f �*2
�*2 f

Dv d uhvxow/ lq htxloleulxp erwk sod|huv frxog dfklhyh dq h{shfwhg sd|r�
htxdo wr ��f�DS1 Wklv fruuhodwhg htxloleulxp lv dq h{dpsoh ri d pruh jhqhudo
uhvxow +Dxpdqq/ 4<:7, zklfk vwdwhv wkdw/ e| pdnlqj uhihuhqfh wr dq| udq0
grp yduldeoh wkdw lv sxeolfo| revhuydeoh/ sod|huv fdq frruglqdwh wkhlu pryhv
dqg dwwdlq dq| sd|0r� yhfwru lq wkh frqyh{0kxoo ri Qdvk htxloleulxp sd|0r�v
+�jxuh 5,1 Zkdw lv lqwhuhvwlqj wr qrwlfh lv wkdw lq wkh odvw fruuhodwhg htxlole0
ulxp/ qrw rqo| lv wkh sxeolf jrrg lv surylghg exw sod|huv fdq dovr dwwdlq wkh
v|pphwulf dqg h!flhqw doorfdwlrq/ dv �jxuh 4 fohduo| vkrzv1

Fruuhodwhg vwudwhjlhv pljkw eh hlwkhu wkh uhvxow ri suh0sod| frppxqlfdwlrq
+sod|huv ghvljq dqg lpsohphqw d surfhgxuh iru rewdlqlqj fruuhodwhg sulydwh
vljqdov, ru wkh uhvxow ri revhuylqj h{rjhqrxv udqgrp vljqdov +olnh vxqvsvrwv, li
sod|huv gr qrw phhw1 Rqh fdq dovr wdnh wkh ylhz wkdw wkhuh lv d phgldwru zkr
mxvw vhqgv uhfrpphqgdwlrq ri krz hdfk sod|hu vkrxog sod|/ olnh lq phfkdqlvp
ghvljq wkhru|1 Lq wklv odvw fdvh/ dqg frqvlghulqj rxu h{dpsoh/ vrph djhqwv duh
dfwxdoo| wrog wr frqwulexwh wr wkh sxeolf jrrg e| wkh phgldwru zkloh rwkhuv
duh qrw1

Zh fdq qrz fkdudfwhulvh d fruuhodwhg htxloleulxp lq rxu sxeolf jrrg jdph1
Ehiruh jlylqj jhqhudo uhvxowv ohw xv frqvlghu djdlq rxu frqwulexwlrq jdph
zlwk wzr sod|huv dqg dq| suredelolw| glvwulexwlrq wkdw lv d fdqglgdwh wr eh
d fruuhodwhg htxloleulxp=

R�� R�2
R2� R22

Iroorzlqj wkh ruljlqdo gh�qlwlrq ri Dxpdqq +4<;:, dqg wkh jdph ehlqj
v|pphwulf/ li sod|hu D lv vxjjhvwhg r� ' � kh zloo qrw ghyldwh li E�� S�R�� n
E� � S�R�2 � E��R�� n Ef�R�21 Li wkh vdph sod|hu lv vxjjhvwhg r� ' f/ kh zloo
qrw ghyldwh li E��R2�nEf�R22 � E��S�R2�nE��S�R221 Uhduudqjlqj/ zh rewdlq
wkdw wkh iroorzlqj frqglwlrq vkrxog eh vdwlv�hg lq dq| fruuhodwhg htxloleulxp
ri wkh frqwulexwlrq jdph=

R22*ER2� n R22� � S � R�2*ER�� n R�2� +4,

Frqvlghulqj qrz sod|hu E/ li kh lv vxjjhvwhg r� ' � kh zloo qrw ghyldwh li
E��S�R��nE��S�R2� � E��R��nEf�R2�1 Li wkh vdph sod|hu lv vxjjhvwhg r� ' f/
kh zloo qrw ghyldwh li E��R�2nEf�R22 � E��S�R�2nE��S�R221 Uhduudqjlqj/ zh
rewdlq wkdw wkh iroorzlqj frqglwlrq vkrxog dovr eh vdwlv�hg lq dq| fruuhodwhg
htxloleulxp ri wkh frqwulexwlrq jdph=
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R22*ER�2 n R22� � S � R2�*ER�� n R2�� +5,

Rqh fdq fkhfn wkdw iru dq| jlyhq f/ erwk +4, dqg +5, kdyh pruh fkdqfhv
wr eh vdwlv�hg wkh orzhu duh R22 dqg R��1 Li zh wdnh wkh orzhvw ydoxhv= R22 ' f/
R�� ' fc zh rewdlq wkdw yroxqwdu| surylvlrq ri wkh sxeolf jrrg lv erwk ihdvleoh
dqg h!flhqw1 Dfwxdoo| zh kdyh mxvw d frqyh{ frpelqdwlrq ri Qdvk htxloleuld1
Li lq dgglwlrq wkh udqgrp ghylfh lv dovr v|pphwulf= R2� ' R�2 wkhq +4, dqg
+5, frlqflgh dqg sod|huv fdq yroxqwdu| dvvxuh h!flhqw surylvlrq e| sod|lqj
fruuhodwhg htxloleuld iru dq| ydoxh ri S qr orzhu wkdq }hur dqg qr juhdwhu
wkdq rqh1 Iru dq| rwkhu udqgrp ghylfh wkh vhw ri dgplvvleoh frqwulexwlrq
dprxqwv vkulqnv1

Ohw xv frqvlghu dq| udqgrp ghylfh vwloo lpso|lqj R2� ' R�2dqg R22 ' f/
exw zlwk R�� : f1 Lq wklv fdvh rqh fdq vkrz wkdw wkh xsshu olplw ri S
ghfuhdvhv zlwk R��1 Lq idfw dv wkh suredelolw| wkdw erwk sod|huv frqwulexwh
lqfuhdvhv/ wkhuh zloo qrw eh dq| fruuhodwhg htxloleuld iru frqwulexwlrq jdphv
zlwk kljk frqwulexwlrq dprxqwv +wkh ulvn ri zdvwh ri lqglylgxdo frqwulexwlrqv
lv kljk dqg wr ghyldwh iurp wkh uhfrpphqgdwlrq ehfrphv sur�wdeoh zkhq
hdfk sod|hu lv dvnhg wr frqwulexwh vlqfh wkh rwkhu rqh pd| dovr kdyh uhfhlyhg
wkh vdph uhfrpphqgdwlrq,1 Rq wkh frqwudu| iru dq| udqgrp ghylfh lpso|lqj
R2� ' R�2dqg R22 : f/ exw zlwk R�� ' f/ wkh orzhu olplw ri S lqfuhdvhv zlwk R221
Lq wklv fdvh vlqfh sod|huv ihdu wkdw wkh surylvlrq ri wkh sxeolf jrrg ulvnv qrw
ehlqj ihdvleoh/ wkhuh zloo qrw eh dq| fruuhodwhg htxloleulxp iru frqwulexwlrq
jdphv zlwk orz frqwulexwlrq dprxqwv+dq| sod|hu zkhq uhfrpphqghg qrw wr
frqwulexwh pd| �qg lw pruh sur�wdeoh wr ghyldwh iurp wklv uhfrpphqgdwlrq/
vlqfh wkh rwkhu sod|hu pd| dovr kdyh uhfhlyhg wkh vdph uhfrpphqgdwlrq,1
Ri frxuvh wkh vhw ri dgplvvleoh frqwulexwlrq dprxqwv vkulqnv ixuwkhu iru dq|
+lqh!flhqw, udqgrp ghylfh lpso|lqj erwk R22 : f dqg R�� : f:1

Zh fdq qrz txdoli| wkh uhvxowv jlyhq lq wkh odvw h{dpsoh lq wkh jhqhudo
jdph zlwk � sod|huv1 Ohw xv uhfdoo wkdw lq wklv jdph/ li � : �/ wkhuh duh�
�

�

�
sxuh vwudwhj| Qdvk htxloleuld/ hdfk zlwk � frqwulexwruv dqg rqh htxlole0

ulxp zlwk qr frqwulexwruv;1 Sdoiuh| dqg Urvhqwkdo +rs1flw, dovr fkdudfwhulvh

:Pruhryhu wkh vhw ri dgplvvleoh frqwulexwlrq dprxqwv vkulqnv dovr iru h!flhqw dqg
dv|pphwulf fruuhodwhg htxloleuld wkdw duh frqyh{ frpelqdwlrq ri Qdvk htxloleuld1 Ohw xv
wdnh iru h{dpsoh s54 @ 3=;/ s45 @ 3=51 Lq wklv fdvh rqh fdq fkhfn wkdw wkh xsshu olplw ri f
zloo eh htxdo wr wkh suredelolw| ri frqwulexwlrq/ dqg wkhq zloo eh gl�huhqw iru hdfk sod|hu1
Li zh pdlqwdlq wkh dvvxpswlrq wkdw f vkrxog eh htxdo dfurvv sod|huv wkhq wkh xsshu olplw
ri f zloo wkhq frlqflgh zlwk wkh orzhvw suredelolw| +3=5 lq rxu h{dpsoh,1

;Fiu1Sursrvlwlrq 5 lq Sdoiuh| dqg Urvhqwdkdo/ rs1flw1/ s1 4:9

:



wkh vhw ri dgplvvleoh pl{hg vwudwhj| Qdvk htxloleuld1 Frqfhuqlqj fruuhodwhg

htxloleuld/ zh vkdoo olplw rxuvhoyhv wr d gh�qlwlrq hpeudflqj wkh vlpphwulf

fdvh1 D gh�qlwlrq wkdw zrxog dovr frqvlghu wkh dv|pphwulf fdvh zrxog eh lq

idfw wrr fxpehuvrph1

Sursrvlwlrq 4 Lq wkh frqwulexwlrq jdph dq| v|pphwulf fruuhodwhg htxlole0

ulxp lv fkdudfwhulvhg e| wkh iroorzlqj lqhtxdolwlhv=
E�3�
�3�

�
S
�3�

&'f E �3�
�3E&n���

� S �
E�3�
�3�

�
S
�

g'� E
�3�
�3&

�

�h JJs�wkh surri lv d vwudljwkiruzdug dssolfdwlrq ri wkh gh�qlwlrq ri fru0

uhodwhg htxloleulxp wr wkh jhqhudo frqwulexwlrq jdph1 Dq| fruuhodwhg htxl0

oleulxp fdq eh fkdudfwhulvhg e| d vhw ri olqhdu lqhtxdolwlhv1 Lq wkh fdvh ri

rxu frqwulexwlrq jdph dqg iru ;�/ ohw xv frqvlghu d jhqhulf suredelolw| glv0
wulexwlrq dqg ghqrwh zlwk RoE6 ' &mr��/ & ' fc�c ������c� / wkh frqglwlrqdo
suredelolw| wkdw wkh qxpehu ri frqwulexwruv lv &/ jlyhq wkh vwudwhj| ri sod|hu
�1 Dv zh frqvlghu vlpphwulf fruuhodwhg htxloleuld/ wkhq RoE6 ' &mr�� zloo eh
htxdo iru ;�1 Wkhq li dq| sod|hu lv wrog r� ' �/ kh zloo qrw ghyldwh li =

E�� S�RoE6 ' � mr� ' �� n E�� S�RoE6 ' � � � : �mr� ' �� n +6,

nE�� S�RoE6 ' � � 2 : �mr� ' �� n ����n E�� S�RoE6 ' �mr� ' �� n

�SRoE6 ' � � �mr� ' ��� SRoE6 ' � � 2mr� ' ��� ��������n

�SRoE6 ' � 	 �mr� ' �� � E��RoE6 ' � mr� ' �� n

nRoE6 ' � � � : �mr� ' �� n RoE6 ' � � 2 : �mr� ' �� n

n����n Ef�RoE6 ' �mr� ' ��

Li dq| sod|hu l lv wrog r� ' f/ kh zloo qrw ghyldwh li=

RoE6 ' � � � : �mr� ' f� n RoE6 ' � � 2 : �mr� ' f� n +7,

n������n RoE6 ' �mr� ' f� n Ef�RoE6 ' � � �mr� ' f�

� E�� S�RoE6 ' � � � : �mr� ' f� n

nE� � S�RoE6 ' � � 2 : �mr� ' f� n �������n E�� S�RoE6 ' �mr� ' f� n

nE� � S�RoE6 ' � � �mr� ' f�� SRoE6 ' � � 2mr� ' f� n

����������� SRoE6 ' � 	 �mr� ' f�� SRoE6 ' fmr� ' f�

Zh fdq uhzulwh +4, wr rewdlq=

E�� S�
�[
&'�

RoE6 ' & � �mr� ' ��� S
�3�[
&'�

RoE6 ' & 	 �mr� ' f� � +8,

;



�[
&'�n�

RoE6 ' & : �mr� ' ��

dqg uhzulwlqj +5, zh rewdlq=

�3�[
&'�

RoE6 ' & � �mr� ' f� � E� � S�
�3�[
&'�

RoE6 ' & � �mr� ' f� n

�S
�3�[
&'f

RoE6 ' & 	 �mr� ' f� +9,

Frqvlghulqj wrjhwkhu +6, dqg +7, dqg uhduudqjlqj uhvxowv=

Ro E6 ' � � �mr� ' f�S�3�
&'f Ro E6 ' &mr� ' f�

� S �
Ro E6 ' �mr� ' ��S
�
&'� Ro E6 ' &mr� ' ��

+:,

Qrz ohw Ro E6 ' � � �mr� ' f� '
�
�3�
�3�

�
*
S�3�

�'f

�
�3�
�

�
dqg

S�3�
&'f Ro E6 ' &mr� ' f� '

S�3�
&'f

�
�3�

�3E&n��
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*
S�3�

�'f

�
�3�
�

�
dqg Ro E6 ' �mr� ' �� '

�
�3�
�3�

�
*
S�3�

�'f

�
�3�
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�
dqg

S�
&'� Ro E6 ' &mr� ' �� '

S�
&'�

�
�3�
�3&

�
*
S�3�

�'f

�
�3�
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�
wr jhw=
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Ohppd 5 Lq wkh frqwulexwlrq jdph h!flhqw dqg v|pphwulf fruuhodwhg htxl0

oleuld h{lvw iru f � S � ��

Surri= Mxvw orrn dw +:, dqg wkhq qrwlfh wkdw h!flhqw fruuhodwhg htxloleuld
duh fkdudfwhulvhg e|= Ro E6 ' � � �mr� ' f� ' f dqg

S
�

&'�
Ro E6 ' &mr� ' �� '

Ro E6 ' �mr� ' �� 1

Ohppd 6 Lq wkh frqwulexwlrq jdph frqyh{ frpelqdwlrqv ri sxuh vwudwhj|

Qdvk htxloleuld duh h!flhqw fruuhodwhg htxloleuld1

Surri= frqyh{ frpelqdwlrqv ri Qdvk htxloleuld lq sxuh vwudwhjlhv duh fru0
uhodwhg htxloleuld/ vxfk wkdw +6, uhgxfhv wr E� � S�RoE6 ' �mr� ' �� � f
dqg +7, uhgxfhv wr RoE6 ' � � �mr� ' f� � E� � S�RoE6 ' �mr� ' f�/
erwk duh yhul�hg iru f � S � � �Lq wxuq wkhvh lqhtxdolwlhv lpso| wkdw
S

�

&'�
Ro E6 ' &mr� ' �� ' Ro E6 ' �mr� ' �� dqg Ro E6 ' � � �mr� ' f� ' f
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6 D Frqwulexwlrq Jdph zlwk H{whuqdolwlhv

ryhu wkh Wkuhvkrog

Zkdw wkh frqwulexwlrq jdph ri vhfwlrq wzr idlov wr frqvlghu lv wkdw wkh ehq0
h�wv ghulylqj iurp wkh sxeolf jrrg pd| eh lqfuhdvlqj zlwk wkh qxpehu ri
frqwulexwruv/ hyhq eh|rqg wkh wkuhvkrog= hdfk dgghg frqwulexwlrq pd| lq0
fuhdvh hlwkhu wkh txdqwlw| ru wkh txdolw| ri wkh sxeolf jrrg wr eh surylghg1
Ohw xv wklqn/ iru h{dpsoh/ ri ixqgudlvlqj iru phglfdo uhvhdufk ru wr �qdqflqj
lqghshqghqw udglr dqg qhzvsdshuv1Ixqgv qrw rqo| duh froohfwhg wr nhhs vrph
lqvwlwxwlrq dolyh exw dovr wr surprwh qhz uhvhdufk dfwlylwlhv +lq wkh phglfdo
uhvhdufk fdvh, ru h{sdqg wkh vfrsh ri lqghshqghqw lqirupdwlrq surylvlrq +lq
wkh fdvh ri udglr dqg qhzvsdshuv,1 Rqh pruh ihdwxuh ri wklv nlqg ri ixqgudlv0
lqj lv wkdw shrsoh duh iuhtxhqwo| lqiruphg derxw wkh wrwdo dprxqw ri ixqgv
wkdw duh froohfwhg<1 Iurp wklv revhuydwlrq zh ghulyh wkh dvvxpswlrq wkdw
shrsoh pd| eh ohg wr lqfuhdvh wkh dprxqw ri wkhlu frqwulexwlrq zkhq revhuy0
lqj wkdw d orw ri shrsoh duh frqwulexwlqj431Ri frxuvh wkh uhyhuvh fdq dovr eh
wuxh= shrsoh pd| �qg iuhh ulglqj pruh dwwudfwlyh zkhq revhuylqj wkdw d orw
ri ixqgv kdyh douhdg| ehhq froohfwhg1

614 Htxloleulxp dqdo|vlv

Wkh uxohv ri wkh frqwulexwlrq jdph ghvfulehg lq wkh odvw vhfwlrq pd| wkxv eh
prgl�hg dffruglqjo|1 Rqfh wkh wkuhvkrog ri frqwulexwruv wkdw lv qhfhvvdu|
wr surylgh wkh sxeolf jrrg lv uhdfkhg zh vxssrvh wkdw erwk wkh frqvxpswlrq
ehqh�wv dqg wkh frqwulexwlrq dprxqw lqfuhdvh zlwk wkh qxpehu ri frqwulex0
wruv=

Li 6 � � dqg r� ' �/ � uhfhlyhv 6E�� S�
Li 6 � � dqg r� ' f/ � uhfhlyhv 6
Li 6 	 � dqg r� ' �/ � uhfhlyhv �S

<Iru h{dpsoh lq Lwdo| ixqgudlvlqj iru phglfdo uhvhdufk lv surylghg hdfk |hdu wkurxjk d

fdpsdljq fdoohg �Whohwkrq�1 Ixqgv duh froohfwhg qrq vwrs iru 57 krxuv zlwk edqnv wkdw

duh nhsw rshq iru wklv vfrsh1 Gxulqj wkh hyhqlqj dqg wkh qljkw d whohylvlrq vkrz qrw

rqo| surylghv lqirupdwlrq derxw wkh uhvxowv douhdg| dfklhyhg e| phglfdo uhvdufk exw nhhs

shrsoh frqwlqxrvo| lqiruphg derxw kh dprxqw ri prqh| wkdw lv ehlhqj froohfwhg1
43Ri frxuvh rqh frxog txhvwlrq derxw wkh udwlrqdolw| ri wklv nlqg ri ehkdylru1 Sd|0r�

h{whuqdolw| pd| surylgh d xvhixo h{sodqdwlrq1 Krzhyhu udwlrqdo frqiruplw| ri pdvv ehkdy0

lrxu pd| dovr �qg dq dowhuqdwlyh irxqgdwlrq lq wkh wkhru| ri lqirupdwlrqdo fdvfdghv1Fiu1

Elnkfkdqgdql/ Kluvkohlihu dqg Zhovk/ 4<<51
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Li 6 	 � dqg r� ' f/ � uhfhlyhv f
Ghshqglqj rq wkh ydoxh ri S zh fdq glvwlqjxlvk wzr fdvhv= d, Mrlqw frq0

wulexwlrq e| doo sod|huv uhvxowv lq froohfwlyh zhoiduh ehlqj kljkhu zlwk uhvshfw
wr dq| frpelqdwlrq ri vwudwhjlhv zkhuh wkh qxpehu ri frqwulexwlqj sod|huv lv
mxvw �> e, Mrlqw frqwulexwlrq e| doo sod|huv frqwulexwlqj wr wkh sxeolf jrrg
uhvxow lq froohfwlyh zhoiduh ehlqj orzhu zlwk uhvshfw wr dq| frpelqdwlrq ri
vwudwhjlhv zkhuh wkh qxpehu ri frqwulexwlqj sod|huv lv mxvw �1 Wkh fxw0r�
frqwulexwlrq dprxqw SW ' �E�3��

�2
3�2 glvfulplqdwhv ehwzhq wkh wzr fdvhv dqg lv

rewdlqhg e| wkh iroorzlqj lqhtxdolw|= �2E� � S� � �2E� � S� n E� � ���1
Iru S � SW rqh fdq vd| wkdw wkh vslooryhu h�hfwv gxh wr mrlqw frqwulexwlrq
ryhufrphv wkh djjuhjdwh ehqh�wv wkdw qrq frqwulexwlqj djhqwv ghulyh iurp
iuhh ulglqj1 Iru S � SW h{dfwo| wkh rssrvlwh lv wuxh

Ohw xv vwduw htxloleulxp dqdo|vlv djdlq zlwk wkh fdvh lq zklfk � ' 2 dqg
� ' �1Lq wklv fdvh zh jhw wkh iroorzlqj vwudwhjlf irup jdph=

2E� � S�c 2E�� S� E� � S�c�
�c E�� S� fc f
Rqh fdq fkhfn wkdw wkh htxloleuld ri wklv jdph ghshqg rq S1 Iru S � f�D/

wr frqwulexwh lv d grplqdqw vwudwhj| iru hdfk sod|hu 1 Iru f�D 	 S � �/ wkh
vwuxfwxuh ri wkh jdph lv djdlq wkdw ri Fklfnhq1 Wkxv zh djdlq kdyh wzr
sxuh vwudwhj| Qdvk htxloleuld dqg d Qdvk htxloleulxp lq pl{hg vwudwhjlhv
lq zklfk hdfk sod|hu frqwulexwhv zlwk suredelolw| R ' E� � S�*S1 Lq wklv
htxloleulxp wkh h{shfwhg sd|0r� ri sod|huv lv E� � S�*S1 Lq rughu wr uhdfk
frruglqdwlrq sod|huv fdq sod| d fruuhodwhg htxloleulxp1 Iru h{dpsoh/ zlwk d
frlq  ls sod|huv rewdlq dq h{shfwhg sd|r� htxdo wr � � f�DSc dv wkh| glg lq
wkh h{dpsoh ri wkh suhylrxv vhfwlrq1

Frqfhuqlqj h�flhqf| zh pxvw frpsxwh wkh fxw0r� frqwulexwlrq dprxqw
wr glvwlqjxlvk ehwzhhq wkh wzr fdvhv phqwlrqhg deryh1 Vlqfh SW ' 2

�
/ zh

fdq ixuwkhu glvwlqjxlvk wkh vxe0fdvh lq zklfk S � f�D iurp wkh vxe0fdvh lq
zklfk f�D 	 S � 2

�
� Lq wkh �uvw vxe0fdvh wkh jdph kdv mxvw dq htxloleulxp lq

grplqdqw vwudwhjlhv wkdw lv Sduhwr h!flhqw ehfdxvh ri mrlqw frqwulexwlrq e|
doo sod|huv1 Li f�D 	 S � 2

�
cwkhq wr frqwulexwlqj lv qr orqjhu d grplqdqw vwudw0

hj|/ hyhq li mrlqw frqwulexwlrq frqwlqxhv wr uhsuhvhqw wkh ehvw frpelqdwlrq
ri vwudwhjlhv +wkh �uvw ehvw, iurp wkh froohfwlyh srlqw ri ylhz1 Lq wklv vhfrqg
vxe0fdvh wkh uhvxowlqj fruuhodwhg htxloleulxp fdqqrw eh Sduhwr0h!flhqw1 Dv
�jxuh 5 lq idfw vkrzv/ wkh v|pphwulf dqg h!flhqw rxwfrph lv rxwvlgh wkh
frqyh{ kxoo ri Qdvk htxleulxp sd|0r�v dqg wkxv fdqqrw eh rewdlqhg dv d
fruuhodwhg htxloleulxp1 Li 2

�
	 S 	 �cmrlqw frqwulexwlrq lv qr orqjhu Sduhwr0

h!flhqw dqg wkh h!flhqw rxwfrphv duh djdlq rq wkh frqyh{ kxoo ri Qdvk

44



htxloleulxp sd|0r�v/ dv vkrzq lq �jxuh 61
Dv iru wkh fdvh lq zklfk f�D 	 S � 2

�
/ lw lv lqwhuhvwlqj wr vkrz wkdw sod|huv

fdq dfklhyh d sd|0r� wkdw lv rxwvlgh wkh frqyh{ kxoo ri Qdvk htxloleulxp
sd|0r�v/ e| xvlqj d frpprq udqgrp ghylfh wkdw vhqgv gl�huhqw exw vwloo
fruuhodwhg vljqdov wr hdfk rqh ri wkhp +Ixghqehuj dqg Wluroh/ 4<<5,1 Ohw xv
frqvlghu d udqgrp ghylfh wkdw zloo kdyh wkuhh htxdoo| olnho| vwdwhv= d/ e dqg
f dqg ohw l eh wkh lqirupdwlrq sduwlwlrq ri sod|huv1 Iru h{dpsoh ohw sod|hu
rqh eh shuihfwo| lqiruphg li vwdwh d rffxuv/ zkloh kh fdqqrw glvwlqjxlvk vwdwh
e iurp vwdwh f1 Lwv lqirupdwlrq sduwlwlrq zloo wkhq eh wkh iroorzlqj=

l� ' iE@�EKc S�j
Sod|hu wzr lv shuihfwo| lqiruphg li wkh vwdwh lv f/ exw fdqqrw glvwlqjxlvk

vwdwh d iurp vwdwh e1 Wkhq klv lqirupdwlrq sduwlwlrq zloo eh wkh iroorzlqj=
l2 ' iE@c K�ES�j
Ohw xv vxssrvh wkdw sod|huv xvh wklv udqgrp ghylfh wr fruuhodwh wkhlu

vwudwhjlhv1 Lw lv wkhq srvvleoh wr vkrz wkdw wkh iroorzlqj lv d Qdvk htxloleulxp=
sod|hu 4 sod|v r� ' f/ zkhq wkh vwdwh lv d dqg sod|v r� ' � zkhq wkh vwdwh lv
e ru f> sod|hu 5 sod|v r� ' f zkhq wkh vwdwh lv f/ dqg sod|v r� ' �/ zkhq wkh
vwdwh lv d ru e1 Rqh fdq dfwxdoo| fkhfn wkdw qr sod|hu zloo ghyldwh iurp wkhvh
vwudwhjlhv/ surylghg wkdw �

2
	 S � 2

�
1 Wkh iroorzlqj suredelolw| glvwulexwlrq

uhsuhvhqwv wkhq d fruuhodwhg htxloleulxp ri wkh frqwulexwlrq jdph=
�*� �*�
�*� f
Frqfhuqlqj wklv fruuhodwhg htxloleulxp lw lv zruwkzkloh vkrzlqj wkdw qrw

rqo| lv wkh sxeolf jrrg surylghg/ exw wkdw hdfk sod|hu fdq dovr dyhudjh d
sd|r� htxdo wr e

�
� S wkdw lv rxwvlgh wkh frqyh{ kxoo ri Qdvk htxloleulxp

sd|0r�v/ wkrxjk lw lv qrw Sduhwr h!flhqw= wkh sxeolf jrrg lv surylghg dw d
vxerswlpdo ohyho1

Dv wr wkh jhqhudolvdwlrq ri rxu uhvxow/ zh djdlq fkdudfwhulvh v|pphwulf
fruuhodwhg htxloleuld lq wkh jhqhudo frqwulexwlrq jdph dqg sxw r� wkh glvfxv0
vlrq ri wkh h!flhqf| lvvxh wr wkh qh{w vhfwlrq1

Sursrvlwlrq 7 Lq wkh frqwulexwlrq jdph zlwk vslooryhu h�hfwv d v|pphwulf

fruuhodwhg htxloleulxp lv fkdudfwhulvhg e| wkh iroorzlqj lqhtxdolwlhv=
E�3��E�3�
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Surri= Lq wkh jhqhudo frqwulexwlrq jdph zlwk vslooryhu h�hfwv/ iru ;�/ li d
sod|hu lv wrog r� ' �/ kh zloo qrw ghyldwh li =
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�E�� S�RoE6 ' � mr� ' �� n E� � ��E� � S� +<,

RoE6 ' � � � : �mr� ' �� n E�� S�E� � 2�

RoE6 ' � � 2 : �mr� ' �� n �������n

nE�� S��RoE6 ' �mr� ' ��� SRoE6 ' � � � 	 �mr� ' ���

�SRoE6 ' � � 2 	 �mr� ' ��� ����������� SRoE6 ' �mr� ' �� �

� E� � ��RoE6 ' � mr� ' �� n E� � 2�

RoE6 ' � � � : �mr� ' �� n ��������n �RoE6 ' � n � : �mr� ' ��

Li d sod|hu lv wrog r� ' f/ kh zloo qrw ghyldwh li =

E� � ��RoE6 ' � � � : �mr� ' f� n +43,

nE� � 2�RoE6 ' � � 2 : �mr� ' f� n ���������n

n�RoE6 ' �mr� ' f� n Ef�RoE6 ' � � �mr� ' f� �

�E� � S�RoE6 ' � � � : �mr� ' f� n

E� � ��E� � S�RoE6 ' � � 2 : �mr� ' f� n ����������n

nE� n ��E� � S�RoE6 ' �mr� ' f� n �E� � S�RoE6 ' �mr� ' f��

�SRoE6 ' � � 2mr� ' f�� ������ SRoE6 ' �mr� ' f��

�SRoE6 ' fmr� ' f�

Zh fdq zulwh +9, dv=

�[
&'�

&E� � S�RoE6 ' &mr� ' ��� S
�3�[
&'�

RoE6 ' & 	 �mr� ' �� � +44,

�
�[

&'�n�

E& � ��RoE6 ' & : �mr� ' ��

Dqg zulwh +:, dv=

�3�[
&'�

&RoE6 ' & : �mr� ' f� � E� � S�
�3�[
&'�3�

E& n ��RoE6 ' & : �mr� ' f��+45,

�S
�32[
&'�

RoE6 ' & 	 �mr� ' ��
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Uhduudqjlqj +;, dqg +<, dqg frqvlghulqj wkhp wrjkhwkhu zh jhw

E
S
�3�
&'�3�E& n ��RoE6 ' &mr� ' f��

S
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&'� &RoE6 ' & : �mr� ' f�
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� S +46,
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Li zh vxevwlwxwh iru wkh suredelolw| ydoxhv wkhq +46, ehfrphv=
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615 Lqfhqwlyh h!flhqw phfkdqlvpv

Wkh h{dpsoh zh kdyh suhvhqwhg lq odvw vhfwlrq vkrzv wkdw hyhq li sxeolf
jrrg surylvlrq pd| qrw eh Sduhwr h!flhqw/ qhyhuwkhohvv/ zlwk vrph fruuh0
odwhg htxloleulxp sod|huv fdq dfklhyh d sd|r� wkdw lv rxwvlgh wkh frqyh{ kxoo
ri Qdvk htxloleulxp sd|0r�v1 Wklv uhvxow vxjjhvwv wkdw wkhuh pd| h{lvw fruuh0
odwhg htxloleuld wkdw uhsuhvhqw qrw rqo| d ihdvleoh phfkdqlvp iru wkh sulydwh
surylvlrq ri d sxeolf jrrg/ exw dovr wkh rswlpdo rqh1

P|huvrq +4<;8, kdv vkrzq wkdw wkh vhw ri lqhtxdolwlhv gh�qlqj d fruuhodwhg
htxloleuld duh htxlydohqw wr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv ri dq rswl0
plvdwlrq sureohp zkrvh vroxwlrq lv jlyhq e| dq lqfhqwlyh h!flhqw phfkdqlvp
wkdw lv suhflvho| d fruuhodwhg htxloleulxp1

Dfwxdoo| wkh frqwulexwlrq jdph zh duh uhsuhvhqwlqj lv d jdph ri frpsohwh
lqirupdwlrq zlwk uhvshfw wr wkh frqwulexwlrq dprxqw dqg wkh ydoxh dvvljqhg
e| sod|huv wr wkh sxeolf jrrg +dgyhuvh vhohfwlrq lvvxhv duh h{foxghg,1 Exw hdfk
sod|hu lv xqfhuwdlq derxw wkh sduwlflsdwlrq ri lwv rssrqhqwv1 Ehiruh sod|lqj
wkh jdph/ frqwulexwlrq lv d klgghq dfwlrq iurp wkh srlqw ri ylhz ri hdfk vlqjoh
djhqw dqg wkxv iuhh ulglqj fdq eh dqdo|vhg dv d prudo kd}dug sureohp1 Wkh
lvvxh lv wr jlyh sod|huv wkh fruuhfw lqfhqwlyhv iru frqwulexwlrq= d vrfldo sodqqhu
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zrxog olnh wkhp wr eh lqvxuhg dw wkh orzhvw frvw djdlqvw wkh hyhqw wkdw wkh
sxeolf jrrg lv qrw surylghg dw wkh rswlpdo ohyho1 Wkxv hyhu| sod|hu vkrxog eh
dvnhg frqwulexwh lq rughu wkdw wkh h{whuqdolw| lv ixoo| lqwhuqdolvhg1 Krzhyhu
zh fdqqrw jlyh wkhp frpsohwh lqvxudqfh ehfdxvh dq| sod|hu vkrxog �qg lw
sur�wdeoh wr iuhh ulgh wuxvwlqj rq wkh frqwulexwlrq ri rwkhuv1 Dq| fruuhodwhg
htxloleulxp fdq eh vhhq dv dq rswlpdo vroxwlrq wr wklv wudgh0r�1Zh duh qrz
lqwhuhvwhg lq lqyhvwljdwlqj wkhvh rswlpdo vroxwlrqv= wkh| fdq eh uhsuhvhqwhg
e| wkrvh fruuhodwhg htxloleuld wkdw pd{lplvh froohfwlyh zhoiduh/ vxemhfw wr wkh
lqfhqwlyh frpsdwlelolw| frqvwudlqwv1

Zh wkhq wdnh wkh ylhz wkdw wkhuh lv d phgldwru vhqglqj uhfrpphqgdwlrqv
rq krz hdfk sod|hu vkrxog sod| wkh frqwulexwlrq jdph/ zlwk wkh dlp ri pd{0
lplvlqj dq remhfwlyh ixqfwlrq jlyhq e| wkh vxp ri sod|huv* h{shfwhg xwlolwlhv
dqg vxemhfw wr d vhw ri frqvwudlqwv uhtxlulqj wkdw sod|huv vkrxog qrw ghyl0
dwh iurp wkh phgldwru uhfrpphqgdwlrq1 Frqvlghulqj rxu odvw h{dpsoh zlwk
wzr djhqwv/ wkh sureohp ri �qglqj dq lqfhqwlyh h!flhqw phfkdqlvp wdnhv wkh
iroorzlqj irup=

�@%ReE� � S�R�� n E2 � S�R�2 n E2 � S�R2�
r�|�2E� � S�R�� n E� � S�R�2 � R��
R2� � 2E�� S�R2� n E�� S�R22
2E�� S�R�� n E�� S�R2� � R��
R�2 � 2E�� S�R�2 n E�� S�R22
R�� n R�2 n R2� n R22 ' �
R�� � fc R�2 � fc R2� � fc R22 � f

Wkh vroxwlrq wr wklv olqhdu surjudpplqj sureohp lv d fruuhodwhg htxl0
oleulxp wkdw ghshqgv rq wkh ydoxh ri S1 Iru f � S � f�D wkh lqfhqwlyh
h!flhqw phfkdqlvp lv dq htxloleulxp lq grplqdqw vwudwhjlhv zlwk R�� ' �1
Iru f�D 	 S � f�SS dq| lqfhqwlyh h!flhqw phfkdqlvp lv d v|pphwulf fruuh0
odwhg htxloleulxp44 zlwk R�2 ' R2�/ R�� : R�2 : f/ R22 ' f1 Li zh wdnh iru

h{dpsoh S ' f�SDD/ wkh lqfhqwlyh h�flhqw phfkdqlvp lv jlyhq e| wkh iroorzlqj

fruuhodwhg htxloleulxp glvwulexwlrq

f��D.� f��2�2e
f��2�2e f

44Sohdvh/ qrwlfh wkdw hyhq li wkh vroxwlrq lv vlpphwulf/ wkh lqfhqwlyh frqvwudlqwv duh

htxlydohqw wr wkh lqhtxdolwlhv gh�qlqj d fruuhodwhg htxloleulxp wkdw lv qrw qhfhvvdulol|

vlpphwulf1
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Pruhryhu rqh fdq fkhfn wkdw R��ghfuhdvhv zlwk S dqg jrhv wr }hur iru S '
f�S.�Iru f�S. 	 S � �/ dq| lqfhqwlyh h�flhqw phfkdqlvp fdq eh fkdudfwhulvhg

dv d fruuhodwhg htxloleulxp zlwk R�2 ru R2� htxdo wr rqh1 Li zh lpsrvh v|p0

phwu| lq dgglwlrq/ dq| lqfhqwlyh h�flhqw phfkdqlvp lv fkdudfwhulvhg e| R�2 '
R2� ' f�D� Wkxv iuhh ulglqj lv h{foxghg iru orz ydoxhv ri wkh frqwulexwlrq

dprxqw exw ehfrphv xqdyrlgdeoh iru kljk ydoxhv1 Zkhq wkh frqwulexwlrq

dprxqw lv wrr kljk wkh lqfhqwlyh iru hdfk sod|hu wr iuhh ulgh rq wkh rwkhu

sod|hu*v frqwulexwlrq lv dovr yhu| kljk dqg ryhufrphv wkh ehqh�wv ri mrlqw

frqwulexwlrq1

Wkh lqfhqwlyh h�flhqw phfkdqlvpv ri wkh jhqhudo frqwulexwlrq jdph fdq

eh fkdudfwhulvhg dv fruuhodwhg htxloleuld wkdw duh vroxwlrqv wr wkh iroorzlqj

rswlplvdwlrq sureohp=
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zh fdq vxevwlwxwh lq wkh h{suhvvlrq ri froohfwlyh h{shfwhg xwlolw| wr jhw dq

rswlplvdwlrq sureohp/ ghshqglqj rq S iru dq| �{hg � dqg �1

616 Frdolwlrqv

D ixuwkhu txhvwlrq frqfhuqlqj wkh sulydwh surylvlrq ri sxeolf jrrgv uhodwhv

wr wkh lqfhqwlyh ri vpdoo jurxsv ri shrsoh wr fuhdwh sulydwh lqvwlwxwlrqv wkdw

duh ghyrwhg wr wkh surylvlrq ri wkh sxeolf jrrg1 Ri frxuvh wkhuh pd| eh

vrfldo dqg klvwrulfdo uhdvrqv wkdw fdq h{sodlq wklv ghflvlrq/ exw rqh zrqghuv

li wkhuh pd| dovr eh jrrg hfrqrplf rqhv1 Lq rxu iudphzrun zh vxssrvh

wkdw wkrvh djhqwv zkr hvwdeolvk wkh lqvwlwxwlrq iru wkh surylvlrq ri wkh sxeolf
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jrrg zloo eh hqwlwohg wr ghflgh wkh udqgrp ghylfh wr eh xvhg wr frruglqdwh

doo djhqwv sduwlflsdwlqj lq wkh phfkdqlvp/ jlyhq wkdw rwkhu djhqwv djuhh rq

wkdw1 Zh vkdoo qrw surylgh jhqhudo uhvxowv derxw wklv lvvxh dqg olplw rxuvhoyhv

wr glvfxvvlqj wkh iroorzlqj h{dpsoh1

H{dpsoh 8 Ohw xv frqvlghu wkh vdph jdph douhdg| suhvhqwhg lq wklv vhfwlrq
zlwk � ' � dqg � ' 2 / ohwwlqj sod|hu rqh fkrrvh urz/ sod|hu wzr fkrrvh fro0
xpq dqg sod|hu wkuhh fkrrvh wkh pdwul{ +li kh frqwulexwhv wr wkh sxeolf jrrg/

ohw klp fkrrvh wkh �uvw pdwul{,
�E�� S�c �E� � S�c �E�� S� 2E�� S�c 2c 2E� � S�
2c 2E�� S�c 2E� � S� fc fc�S

2E� � S�c 2E�� S�c 2 �Sc fcf
fc�Sc f fc fc f

Rqh fdq fkhfn wkdw li S � �

�
wkhuh lv dq hi0

�flhqw htxloleulxp lq grplqdqw vwudwhjlhv zkhuh doo sod|huv frqwulexwh1 Ohw
xv h{foxgh wklv fdvh dqg vxssrvh wkdw �

�
	 S � �

D
wr jhw d Fklfnhq jdph zlwk

wkuhh Qdvk Htxloleuld lq sxuh vwudwhjlhv zkhuh � ' 2 dqg rqh htxloleulxp
zkhuh qr djhqwv frqwulexwh1 Wkh h!flhqw frpelqdwlrq ri vwudwhjlhv fdqqrw eh
dq htxloleulxp lq wklv fdvh45 Ohw xv vxssrvh wkdw sod|huv duudqjh wr exlog d
fruuhodwlqj ghylfh zlwk wkuhh htxdoo| olnho| vwdwhv dqg doo djuhh wkdw wkh wuxh
vwdwh zloo eh uhyhdohg rqo| wr sod|hu rqh dqg wzr/ zkloh sod|hu wkuhh uhpdlqv
frpsohwho| xqlqiruphg derxw lw1 Zh duh pdnlqj uhihuhqfh djdlq wr wkh frp0
prq udqgrp ghylfh douhdg| suhvhqwhg lq vhfwlrq 614/ zklfk vhqgv gl�huhqw
exw vwloo fruuhodwhg vljqdov wr sod|hu rqh dqg wzr dqg jhqhudwhv wkh iroorzlqj
fruuhodwhg htxloleulxp glvwulexwlrq �

�
E�c��c �

�
E�c f�c �

�
Efc ��1 Lq wklv fdvh wkh

vwudwhj| ri frqwulexwlqj lv dozd|v d ehvw uhvsrqvh iru sod|hu wkuhh +dv wkh wkuhh
vwdwh duh dozd|v htxdoo| olnho| iru klp, surylghg wkdw S � D

.
1 Wklv dv|pphw0

ulf frruglqdwlrq ghylfh fdq eh khosixo wr dfklhyh wkh surylvlrq ri wkh sxeolf
jrrg dv sod|hu wkuhh dozd|v frqwulexwhv wr lw/ jlyhq klv xqfhuwdlqw| derxw wkh
ehkdylrxu ri klv rssrqhqwv zklfk pdnhv klp ihdu wkdw rqh ri wkh �uvw wzr
sod|huv pd| qrw frqwulexwh1Rqh fdq dovr vd| wkdw lw lv wkh frpplwphqw ri wkh
�uvw wzr sod|huv wr frqwulexwh rqo| zlwk d fhuwdlq +rswlpdo, iuhtxhqf| wkdw
irufhv sod|hu wkuhh wr dozd|v frqwulexwh461Lw lv lqwhuhvwlqj wr pdnh vrph frp0
phqwv derxw lqglylgxdo dqg froohfwlyh zhoiduh/ frqvlghulqj wklv odvw uhvxow1 Lw

45
Li

6

8
? f ? 4 wkh jdph kdv djdlq wkuhh Qdvk Htxloleuld lq sxuh vwudwhjlhv zlwk z @

5 exw wkh| duh dovr Sduhwr h!flhqw dqg wkh frpelqdwlrq ri vwudwhjlhv zlwk hdfk sod|hu
frqwulexwlqj lv lqh!flhqw1

46Wklv fdq dovr eh vhhq dv rqh ri wkh fdvhv zkhuh rqh sod|hu frpplwv klpvhoi wr qrq
frqwulexwlrq lq rughu wr irufh frqwulexwlrq e| wkh rwkhu rqhv dv vxjjhvwhg e| Wd|oru dqg
Zdug +rs1flw1, lq wkh �uvw dqdo|v|v ri wkh sxeolf jrrg lvvxh dv wkh jdph ri Fklfnhq=�Dq
lqglylgxdo fdq frpplw klpvhoi e| pdqlsxodwlqj odfn ri lqirupdwlrq dqg xqfhuwdlqw| derxw
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lv hdv| wr vkrz wkdw wkh dv|pphwulf lqirupdwlrq ehwzhhq wkh frdolwlrq iruphg
e| wkh �uvw wzr sod|hu dqg sod|hu wkuhh fuhdwhv dgglwlrqdo dgydqwdjhv iru wkh
sod|huv wkdw duh pruh lqiruphg1 Lq idfw wkhlu xwlolw| lv kljkhu zlwk uhvshfw wr
wkh xwlolw| ri sod|hu wkuhh/ iru dq| ydoxh ri S�Exw lw lv deryh doo lqwhuhvwlqj
wr srlqw rxw wkdw lq wklv fdvh froohfwlyh zhoiduh + jlyhq e| . �

�.

�
S, qrw rqo|

lqfuhdvhv/ exw lv dovr juhdwhu zlwk uhvshfw wr wkh froohfwlyh zhoiduh wkh sod|huv
frxog dfklhyh zlwk d v|pphwulf lqfhqwlyh h!flhqw phfkdqlvp1 Iru h{dpsoh
li S '

�

2
/ wkh lqfhqwlyh h!flhqw phfkdqlvp lv uhsuhvhqwhg e| wkh iroorzlqj

fruuhodwhg htxloleulxp
f�D.�e� f��e2HS

f��e2HS f

f��e2HS f

f f

dqg wkxv h{shfwhg froohfwlyh zhoiduh zloo eh htxdo wr ��e2HDHDczkloh zlwk
wkh frdolwlrq ehwzhhq wkh �uvw wzr sod|huv lw zloo dprxqw wr e��S�

Wklv h{dpsoh frxog wkhq surylgh d udwlrqdoh iru wkh ehkdylru ri djhqwv

zkr ixuwkhu sulydwh lqvwlwxwlrqv ghyrwhg wr wkh surylvlrq ri sxeolf jrrgv1

Lqghhg djhqwv zkr duh �uvw frphuv zloo eh deoh wr fkrrvh wkh dssursuldwh

phfkdqlvp wr lpsohphqw wkh surylvlrq ri wkh sxeolf jrrg dqg fuhdwh dq

dv|pphwu| wkdw frxog eh h{sorlwhg iurp wkh hfrqrplf srlqw ri ylhz1 Wkhq

rqh fdq lpdjlqh wkdw lw lv wklv rssruwxqlw| wkdw fuhdwhv wkh dssursuldwh lq0

fhqwlyhv iru vrph djhqwv wr fuhdwh wkh froohfwlyh lqvwlwxwlrq1 Pruhryhu wkh

h{dpsoh vxjjhvwv wkdw wklv ehkdylrxu lv dovr zruwkzkloh iurp wkh vrfldo srlqw

ri ylhz1

7 Frqfoxvlrqv

Lq wklv sdshu zh kdyh irxqg vrph wkhruhwlfdo irxqgdwlrqv iru wkh h{shulphq0

wdo revhuydwlrqv frqfhuqlqj wkh lpsdfw ri frppxqlfdwlrq rq wkh ghjuhh ri

frrshudwlrq lq sxeolf jrrg jdphv1 Wklv lpsdfw kdv ehhq fdswxuhg wkurxjk

wkh qrwlrq ri fruuhodwhg htxloleulxp1 Wkh dgrswlrq ri wklv vroxwlrq frqfhsw

lv dovr frqvlvwhqw zlwk wkh idfw wkdw sod|huv lqyroyhg lq h{shulphqwv riwhq

xvh orwwhulhv dv frruglqdwlrq ghylfhv1 Frqvlghulqj fruuhodwhg htxloleuld lq wkh

wkh lqfhqwlyhv idflqj klp lq vxfk d zd| wkdw lw dsshduv kljko| olnho| wkdw kh zloo �qg
frrshudwlrq uhodwlyho| ghvludeoh�1Fiu1 Wd|oru dqg Zdug +rs1flw,/ s16941
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ruljlqdo sxeolf jrrg jdph ri Sdoiuh| dqg Urvhqwkdo zh fdq h{sodlq krz shr0
soh fdq dwwdlq rqh ri wkh pxowlsoh sxuh0vwudwhj| Qdvk htxloleuld dqg suryh
wkdw lq htxloleulxp wkh sulydwh surylvlrq ri wkh sxeolf jrrg lv erwk ihdvleoh
dqg h!flhqw1

Ixuwkhu/ zh lqwurgxfh d prgl�fdwlrq ri wkh ruljlqdo jdph wr dffrxqw iru
sd|r� h{whuqdolwlhv shuvlvwlqj hyhq diwhu wkh wkuhvkrog kdv ehhq uhdfkhg dqg
jhw d vhfrqg w|sh ri sxeolf jrrg jdph fkdudfwhulvhg e| vslooryhu h�hfwv1
Iru orz ydoxhv ri wkh frqwulexwlrq dprxqw/ djhqwv dozd|v �qg lw rswlpdo wr
frqwulexwh wr wkh sxeolf jrrg dqg frpsohwo| lqwhuqdolvh wkh h{whuqdolw|1 Iru
kljkhu ydoxhv ri wkh frqwulexwlrq dprxqw wklv qhz sxeolf jrrg jdph lv d
jdph ri Fklfnhq dv zhoo/ exw zh rewdlq gl�huhqw uhvxowv frqfhuqlqj erwk wkh
fkdudfwhulvdwlrq ri htxloleuld dqg h!flhqf|1 Sduwlfxoduo|/ lq d jlyhq udqjh ri
wkh frqwulexwlrq ydoxhv/ djhqwv pxvw wudgh r� wkh qhw ehqh�w ri frqwulexwlrq
zlwk wkh qhw ehqh�wv ri iuhh ulglqj1 Dfwxdoo| lq wklv iudphzrun zh �qg wkdw
iuhh ulglqj lv htxlydohqw wr d prudo kd}dug sureohp= djhqwv fdqqrw frpsohwho|
dvvxuh hdfk rwkhu djdlqvw wkh hyhqw wkdw wkh sxeolf jrrg lv surylghg dw d vxe0
rswlpdo dprxqw lq rughu wr pdlqwdlq wkh lqglylgxdo lqfhqwlyh wr frqwulexwh1
Wkh vroxwlrq wr wklv sureohp lv dq lqfhqwlyh h!flhqw phfkdqlvp lq wkh vhqvh ri
P|huvrq +4<;8, dqg lv htxlydohqw wr d fruuhodwhg htxloleulxp1 Sod|lqj vxfk
dq htxloleulxp/ djhqwv rqo| sduwldoo| lqwhuqdolvh wkh h{whuqdolw|1 Pruhryhu
iru yhu| kljk ydoxhv ri wkh frqwulexwlrq dprxqw wkh froohfwlyh ehqh�wv ri iuhh
ulglqj iru sod|huv wkdw gr qrw frqwulexwh lv vr kljk wkdw mrlqw frqwulexwlrq e|
doo sod|huv lv qr orqjhu h!flhqw1 Lq wklv fdvh wkh lqfhqwlyh h�flhqw phfkdqlvp
lv vxfk wkdw wkh sxeolf jrrg lv surgxfhg dw wkh wkuhvkrog ohyho1

Rqh ixuwkhu txhvwlrq wkdw lv frqqhfwhg wr rxu uhvxowv lv zk| vkrxog djhqwv
fkrrvh rqh udqgrp ghylfh udwkhu wkdq dqrwkhu dv d frruglqdwlrq phfkdqlvp1
Lq wklv sdshu zh gr qrw surylgh d jhqhudo dqvzhu wr wklv txhvwlrq1 Udwkhu/
zlwk wkh khos ri rqh h{dpsoh zh srlqw rxw wkdw sod|huv frxog irup frdolwlrqv
wkdw duh khosixo lq jhqhudwlqj dv|pphwulf lqirupdwlrq dprqj sod|huv derxw
wkh rxwfrph ri wkh udqgrp ghylfh fkrvhq iru frruglqdwlrq1 Wkh kljkhvw
sd|r� rewdlqhg e| sod|huv zkr ehorqj wr wkh frdolwlrq fdq eh vhhq dv dq
hfrqrplf lqfhqwlyh iru wkhvh sod|huv wr ixuwkhu sulydwh lqvwlwxwlrqv wkdw duh
ghyrwhg wr sxeolf sxusrvhv lq rughu wr �{ wkh uxohv wr wkhlu rzq dgydqwdjh1
Qhyhuwkhohvv/ zlwk d frdolwlrq froohfwlyh h{shfwhg xwlolw| lv dovr kljkhu zlwk
uhvshfw wr wkh fdvh lq zklfk djhqwv sod| wkh v|pphwulf fruuhodwhg htxloleulxp
wkdw uhsuhvhqwv wkh lqfhqwlyh h!flhqw phfkdqlvp1

Ri frxuvh rxu dqdo|vlv lv olplwhg e| wkh idfw wkdw zh frqvlghu rqo| wkh
sduwlflsdwlrq lvvxh dqg gr qrw glvfxvv wkh suhihuhqfh uhyhodwlrq sureohp1 Lq
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hfrqrplf uhdolw| dgyhuvh vhohfwlrq lvvxhv dgg wr prudo kd}dug sureohpv lq
wkh iudphzrun ri wkh sulydwh surylvlrq ri sxeolf jrrgv1 Rqh vkrxog wkhq
frqvlghu d sxeolf jrrg jdph zlwk lqfrpsohwh lqirupdwlrq lq rughu wr df0
frxqw iru wkh idfw wkdw wkh zloolqjqhvv wr sd| iru d sxeolf jrrg lv qrw rqo|
khwhurjhqhrxv exw dovr sulydwh lqirupdwlrq1 Dfwxdoo| prvw sduw ri wkh uhfhqw
olwhudxuh ghyrwhg wr wkh sulydwh surylvlrq ri sxeolf jrrgv47 ghdov zlwk dg0
yhuvh vhohfwlrq lvvxhv lq Ed|hvldq jdphv dqg grhv qrw frqvlghu prudo kd}dug
sureohpv frqqhfwhg wr sduwlflsdwlrq1 Zh wklqn wkdw ixwxuh uhvhdufk vkrxog
lqwhjudwh erwk glphqvlrqv lq wkh vdph prgho1 Ghyhorsphqwv lq wkh wkhru| ri
Ed|hvldq jdphv zlwk frppxqlfdwlrq dqg wkh jhqhudolvdwlrq ri wkh frqfhsw ri
fruuhodwhg htxloleulxp wr wkhvh vdph jdphv +Irujhv/4<;9 dqg P|huvrq/4<<7,
pljkw dgg ixuwkhu lqvljkwv lqwr wkh ihdvlelolw| dqg h!flhqf| ri wkh sulydwh
surylvlrq ri sxeolf jrrgv1

Uhihuhqfhv

^4` Dxpdqq/ U1M1+4<:7,/ �Vxemhfwlylw| dqg Fruuhodwlrq lq Udqgrpl}hg
Vwudwhjlhv�/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4/ ss19:0<91

^5` Dxpdqq/ U1M1+4<;:,/�Fruuhodwhg Htxloleuld dv dq H{suhvvlrq ri
Ed|hvldq Udwlrqdolw|�/ Hfrqrphwulfd/ 88/ ss1404;

^6` Elnkfkdqgdql/ V1/ G1Kluvkohlihu dqg L1Zhovk +4<<5,�D Wkhru| ri Idgv/
Idvklrq/ Fxvwrp/ dqg Fxowxudo Fkdqjh dv Lqirupdwlrqdo Fdvfdghv�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 433/ ss1 <<5043591

^7` Eolvv/ F1 dqg E1 Qdohex� +4<;7,�Gudjrq Vod|lqj dqg Edoourrp Gdqflqj=
wkh Sulydwh Vxsso| ri d Sxeolf Jrrg� Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/
ss1 4045

^8` Fruqhv/ U1 dqg W1 Vdqgohu +4<;9, Wkh Wkhru| ri H{whuqdolwlhv/ Sxeolf

Jrrgv dqg Foxe Jrrgv/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^9` Gdzhv/ U1P1 dqg U1K1Wkdohu +4<;;,/ �Frrshudwlrq�/ Mrxuqdo ri Hfr0
qrplf Shuvshfwlyhv/ 6/ ss14;:04<:

47Frqfhuqlqj glvfuhwh sxeolf jrrgv vhh iru h{dpsoh wkh vhplqdo sdshu ri Sdoiuh| dqg
Urvhqwkdo +4<;;,> Judgvwhlq +4<<7, dqg Phqh}hv/ Prqwhlur dqg Whplql +4<<;,1
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^:` Irujhv/ I1+4<;9, �Dq Dssurdfk wr Frppxqlfdwlrq Htxloleul0
d�Hfrqrphwulfd 87/ ss146:8046;9

^;` Ixghpehuj/ G1 dqg M1Wluroh +4<<5,/ Jdph Wkhru| / Ervwrq/ Wkh PLW
suhvv

^<` Judgvwhlq/ P1+4<<7,/ �H!flhqw Surylvlrq ri d Glvfuhwh Sxeolf Jrrg�
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 68/ ss1 ;::0;<:1

^43` Ohg|dug/ M1 +4<<5,/ �Sxeolf Jrrgv= d Vxuyh| ri H{shulphqwdo Uhvhdufk�
lq Kdqgerrn ri H{shulphqwdo Hfrqrplfv

^44` Olsqrzvn|/ L1 dqg V1Pdlwdo +4<;6,�Yroxqwdu| Surylvlrq ri d Sxuh Sxeolf
Jrrg dv wkh Jdph ri Fklfnhq�/ Mrxuqdo ri Sxeolf Hfrqrplfv 53/ ss16;40
6;9

^45` Phqh}hv/ I1P/ S1N1Prqwhlur/ D1Whplql +4<<;,�Glvfuhwh Sxeolf Jrrgv
zlwk Lqfrpsohwh Lqirupdwlrq�plphrjudsk

^46` P|huvrq/ U1E1+4<;8, �Ed|hvldq Htxloleulxp dqg Lqfhqwlyh Frpsdwl0
elolw|� lq O1Kxuzlfw}/ G1 Vfkphlgohu dqg K1 Vrqqhqvfkhlq/ hgv1Vrfldo
Jrdov dqg Vrfldo Rujdqlvdwlrq1 Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw| Suhvv/
ss155<058<1

^47` P|huvrq/ U1E1+4<<7, �Frppxqlfdwlrq/ Fruuhodwhg Htxloleulxp dqg Lq0
fhqwlyh Frpsdwlelolw|� lq U1M1Dxpdqq dqg V1Kduw/ hgv1 Kdqgerrn ri

Jdph Wkhru|/ yro1LL/ Dpvwhugdp/ Hovhylhu/ ss1 ;5:0;7:1

^48` Sdoiuh|/ W1U1 dqg K1Urvhqwkdo +4<;7, �Sduwlflsdwlrq dqg wkh Surylvlrq
ri Glvfuhwh Sxeolf Jrrgv= d Vwudwhjlf Dqdo|vlv�/ Mrxuqdo ri Sxeolf Hfr0
qrplfv 57/ss14:404<6

^49` Sdoiuh|/ W1U1 dqg K1Urvhqwkdo +4<;;, �Sulydwh Lqfhqwlyhv lq Vrfldo
Glohppdv�/ Mrxuqdo ri Sxeolf Hfrqrplfv 57/ss14:404<61

^4:` Sdoiuh|/ W1U1 dqg K1Urvhqwkdo +4<<4,�Whvwlqj iru H�hfwv ri Fkhds Wdon
lq d Sxeolf Jrrgv Jdph zlwk Sulydwh Lqirupdwlrq�/ Jdphv dqg Hfr0

qrplf Ehkdylru 6/ ss14;605531

^4;` Wd|oru/ P1 dqg K1Zdug +4<;5, �Fklfnhqv/ Zkdohv dqg Oxps| Jrrgv=
Dowhuqdwlyh Prghov ri Sxeolf Jrrgv Surylvlrq� Srolwlfdo Vwxglhv/ 63/ ss1
68306:31
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^4<` Ydq gh Nudjw D1/ M1P1Ruehoo/ U1P1 Gdzhv +4<;6,�Wkh Plqlpdo Frq0
wulexwlqj Vhw dv d Vroxwlrq wr Sxeolf Jrrgv Sureohpv� Wkh Dphulfdq

Srolwlfdo Vflhqfh Uhylhz/ ::/ ss1 44504541
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Figure 1: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game (assuming M=2, w=1 and c=1/2)
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Figure 2: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game with externalities (assuming M=2, w=1 and c=0.6)
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Figure 3: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game with externalities (assuming M=2, w=1 and c=0.7)


