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Abstract

The strategic analysis of the private provision of discrete public
goods has shown the existence of multiple Nash Equilibria with the
efficient number of players voluntarily contributing. However the co-
ordination issue is left unexplained by this literature. The experimen-
tal evidence shows that communication among players is helpful to
achieve ccoperation. We claim that, from the theoretical point of view,
this is equivalent to playing correlated equilibria in an extended pub-
lic good game with communication, modelled as Chicken. We char-
acterise such equilibria as feasible cordination mechanisms to achieve
public goods provision in the general contribution game.We further
introduce a second kind of game characterised by pay-off externali-
ties that may persist after the minimal threshold of contributors is
achieved. While it is easy to show the existence of Pareto efficient
correlated equilibria in the first game, in the second one players face
incentive problems such that a first best cannot always be an equi-
librium. Nevertheless there exist correlated equilibria that can be
qualified as incentive efficient mechanisms, once free riding is seen as
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a moral hazard issue. Finally, with an example, we discuss the impact
of coalition formation in our framework.
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1 Introduction

In their seminal contribution concerning the private provision of discrete pub-
lic goods, Palfrey and Rosenthal (1984) point out that the free rider problem
has two sides: the demand revelation question and the participation issue.
Even if preferences for the public good were perfecly known and /or the will-
ingness to pay for the public goods were the same for each agent, one cannot
exclude strategic behaviour with respect to participation: each member of a
group will be tempted to free ride, hoping that the other members will pay
the cost of the public good.

However voluntary participation can be observed not only in economic
reality but also considering the great deal of experimental evidence that we
dispose of (Ledyard, 1992). From the theoretical point of view, Palfrey and
Rosenthal show that voluntary participation is feasible, in a game where a
discrete public good is to be provided. In their model there are in fact both
pure strategy and mixed strategy Nash equilibria characterised by the private
provision of a pure public good. Moreover, the efficient number of players
contributing is an equilibrium.

One problem with these results is the multiplicity of equilibria. When
the number of players is large, mixed strategy equilibria can be excluded by
Palfrey and Rosenthal, but still a plethora of pure strategy Nash equilibria
remain in their model. This represents a relevant issue to the extent that it
is unclear why agents should play one equilibrium rather than another one.
The authors state in fact that ”Some form of coordination is probably very
important (possibly necessary) for the attainment of a Nash equilibrium”!.

The experimental evidence shows that the degree of cooperation among
players in a public good game is greatly enhanced when players are allowed to

I Palfrey and Rosenthal, 1984, p.191.



communicate (see for example Ledyard 1992, and Dawes and Thaler, 1988).
Communication can be helpful to achieve coordination among players’ac-
tions. As to the way to introduce communication in public good games, one
can suppose that players communicate first and then play the game®. But
dealing with communication in the extensive form would be too costly an
option from the modelling point of view?. From the theoretical point of view
the idea to play a game with communication can also be dealt with using so-
lution concepts, particularly the concept of correlated equilibrium (Aumann,
1974 and 1987). The idea of a correlated equilibrium is that players find
communication helpful to correlate their strategies by using common random
devices (like coin flips or sunspots) and then play a Nash equilibrium in the
extended game with communication. Thanks to communication, players can
agree on the probability that anyone of them will pick up one action rather
than another one. Correlation thus creates then a built in consensus about
the fact that one game will be played in one specified way. This idea seems
appealing in our framework, being supported also by experimental results
showing that players, when allowed to communicate, often adopt lotteries
as random devices for the distributional decision about the allocation of the
cost of a public good characterised by a threshold (Van de Kragt, Orbell and
Dawes, 1983).

In section one we start from the original contribution game* of Palfrey
and Rosenthal and extend equilibrium analysis to consider also the notion of
correlated equilibrium.We shall provide the basic intuitions concerning the
feasibility and efficiency of the voluntary provision of a public good in a
correlated equilibrium, starting from a two-players example. We shall then
give a definition of correlated equilibrium for the general game and discuss

2One approach is to compare a game in the usual sense with an augmented version of
the game in which some additional strategies are added that have no apparent effect on
payofls: communication is just cheap talk. A game can then be played twice: one time
the decisions result in no pay-ofl but players may observe others ”hypothetical” decisions,
and then a second time the game is played for real. This is the approach followed by
Palfrey and Rosenthal (1991) to test the effect of comunication on a public good game
with incomplete information.

3For example to formally model player one’sopportunity to say one word to player two,
player one must have a move and player two must have an information state for every
word in the dictionary. Cfr Myerson (1994)

4We remind that in contribution games contributions are not refunded if the project is
not completed. We shall not deal at all with subscription games, in which contributions
can instead be refunded.



the efficiency issue. In section two we shall further extend our analysis to a
slightly different case in which not only the benefits due to the consumption
of the public good but also the contribution amount grows with the num-
ber of contributing players. With respect to the first case, we assume that
pay-off externality among players can persist even after the threshold for the
provision of the public good has been reached. In this last case not only the
characterisation of a correlated equilibrium changes (section 3.1) but also our
results concerning efliciency are modified (section 3.2). We point out that a
Pareto efficient allocation can no longer be achieved with a correlated equilib-
rium. Constrained Pareto effcient allocations can however be reached when
considering free riding as a moral hazard problem and correlated equilibria
as incentive eflicient mechanisms (Myerson, 1985) to deal with it. Finally
we also provide an example about the fact that players could form coalitions
on the basis of asymmetric information concerning the outcome of the ran-
dom device(section 3.3). In this case not only the individual payofl of the
better informed players increases but also collective welfare further improves
with respect to the symmetric correlated equilibrium that is generated by
the incentive efficient mechanism. This last result leads us to derive some
conclusions about the economic incentives of those agents who creates pri-
vate institutions to provide public goods.Some conclusions and suggestions
for further research are given in section four.

2 Correlated Equilibria in the Contribution
Game

The formal specification of the contribution game follows directly Palfrey and
Rosenthal (1984). There are M players i, each with pure strategies denoted
s; of either contributing a fixed amount ¢ (s; = 1) or not contributing at all
(s; = 0). The number of contributors that is necessary to produce the public
good is denoted by w and the actual number of contributors by m. If m < w
the good is not provided. We assume that utility functions are linear in the
benefits of the public good and the cost of participation. The rules of the
game are the following:

If m>wand s; =1, i receives 1 — ¢
If m > w and s; =0, i receives 1
If m <w and s; = 1, i receives —c



If m <w and s; =0, i receives 0

We can start equilibrium analysis with an example in which M = 2 and
w = 1. In this case the strategic form is the following:

l—cl—c 1—¢1
1,1 —c¢ 0,0

The ranking of payoffs is that of the game of Chicken®. Actually this game
has two Nash equilibria in pure strategies. In each equilibrium one player
contributes to the public good, given that the other is not contributing. At
equilibrium we thus observe both free riding by one player and the provision
of the public good through the contribution of the other one®. Besides the
two equilibria in pure strategies, another equilibrium in mixed strategies also
exists in which each player contributes with probability 1 — ¢ and gets an
expected pay-off equal to 1 — ¢. Given the multiplicity of equilibria (none of
which Pareto dominates the other ones) the feasibility of voluntary provision
appears here as a coordination problem: which player will contribute to the
public good and who will have a free ride instead?

The previous literaure dealing with the private provision of public goods
as the game of Chicken has neglected to consider that players have a fur-
ther opportunity. If they are allowed to communicate, they can correlate
their strategies by using common random devices and then play the game
accordingly. Concerning our example, let players flip a fair coin and then
agree to let player one not contribute if heads occurs and contribute if tails
does, while player two contributes if heads occurs and does not contributes
if tails occurs. Actually, one can check that no player will deviate from the
prescribed strategy, given that its opponent also follows it. The distribu-
tion 1/2 (0, 1), 1/2 (1, 0) represents a correlated equilibrium: players are
jointly randomizing over their pure strategy Nash Equilibriua. What follows
is the conventional representation of the same correlated equilibrium as a
probability distribution over the cells of the strategic form:

®Previous applications of this kind of game to the theory of public goods include also
Taylor and Ward (1982), Lipnowsky and Maital (1982), Bliss and Nalebuff (1984), Cornes
and Sandler (1984) and Palfrey and Rosenthal (1988).

8This result is a direct consequence of the typical structure of the Chicken game imply-
ing that : 1) The contribution of one agent is suffcient to provide the public good 2) The
provision of the public good gives to each agent such a benefit to justify his contribution,
even when his opponent does not contribute to it. In fact if no provision would occur the
agent would suffer a loss that overcomes the benefits of cost avoidance when both players
defect



0 1/2
/2 0

As a result, in equilibrium both players could achieve an expected payoff
equal to 1 —0.5¢. This correlated equilibrium is an example of a more general
result (Aumann, 1974) which states that, by making reference to any ran-
dom variable that is publicly observable, players can coordinate their moves
and attain any pay-off vector in the convex-hull of Nash equilibrium pay-offs
(figure 2). What is interesting to notice is that in the last correlated equilib-
rium, not only is the public good is provided but players can also attain the
symmetric and efficient allocation, as figure 1 clearly shows.

Correlated strategies might be either the result of pre-play communication
(players design and implement a procedure for obtaining correlated private
signals) or the result of observing exogenous random signals (like sunspsots) if
players do not meet. One can also take the view that there is a mediator who
just sends recommendation of how each player should play, like in mechanism
design theory. In this last case, and considering our example, some agents are
actually told to contribute to the public good by the mediator while others
are not.

We can now characterise a correlated equilibrium in our public good game.
Before giving general results let us consider again our contribution game
with two players and any probability distribution that is a candidate to be
a correlated equilibrium:

P11 Pr2
P21 P22

Following the original definition of Aumann (1987) and the game being
symmetric, if player A is suggested s; = 1 he will not deviate if (1 — ¢)pyy +
(1 — ¢)p1a > (V)p11 + (0)pra. If the same player is suggested s; = 0, he will
not deviate if (1)pg1 4+ (0)pea > (1 —¢)po1 + (1 —¢)pae. Rearranging, we obtain
that the following condition should be satisfied in any correlated equilibrium
of the contribution game:

P22/ (P21 + p22) < ¢ < pia/(pu1 + p12) (1)

Considering now player B, if he is suggested s; = 1 he will not deviate if
(1—c)pri+ (1 —c)par > (1)p11+(0)p2y. If the same player is suggested s; = 0,
he will not deviate if (1)p1a+ (0)paz > (1 —¢)p1a+ (1 —¢)pag. Rearranging, we
obtain that the following condition should also be satisfied in any correlated
equilibrium of the contribution game:



Daz/ (P12 + Pa2) < ¢ < par /(P11 + pa1) (2)

One can check that for any given ¢, both (1) and (2) have more chances
to be satisfied the lower are pgs and pyy. If we take the lowest values: pggy = 0,
p11 = 0, we obtain that voluntary provision of the public good is both feasible
and efficient. Actually we have just a convex combination of Nash equilibria.
If in addition the random device is also symmetric: py; = p1p then (1) and
(2) coincide and players can voluntary assure efficient provision by playing
correlated equilibria for any value of ¢ no lower than zero and no greater
than one. For any other random device the set of admissible contribution
amounts shrinks.

Let us consider any random device still implying py; = prpand pyy = 0,
but with p;; > 0. In this case one can show that the upper limit of ¢
decreases with py;. In fact as the probability that both players contribute
increases, there will not be any correlated equilibria for contribution games
with high contribution amounts (the risk of waste of individual contributions
is high and to deviate from the recommendation becomes profitable when
each player is asked to contribute since the other one may also have received
the same recommendation). On the contrary for any random device implying
P21 = preand pgg > 0, but with py; = 0, the lower limit of ¢ increases with pas.
In this case since players fear that the provision of the public good risks not
being feasible, there will not be any correlated equilibrium for contribution
games with low contribution amounts(any player when recommended not to
contribute may find it more profitable to deviate from this recommendation,
since the other player may also have received the same recommendation).
Of course the set of admissible contribution amounts shrinks further for any
(inefficient) random device implying both pyy > 0 and p;; > 0.

We can now qualify the results given in the last example in the general
game with M players. Let us recall that in this game, if w > 1, there are
(i\;‘[) pure strategy Nash equilibria, each with w contributors and one equilib-

rium with no contributors®. Palfrey and Rosenthal (op.cit) also characterise

"Moreover the set of admissible contribution amounts shrinks also for efficient and
asymmetric correlated equilibria that are convex combination of Nash equilibria. Let us
take for example po; = 0.8, p1o = 0.2. In this case one can check that the upper limit of ¢
will be equal to the probability of contribution, and then will be different for each player.
If we maintain the assumption that ¢ should be equal across players then the upper limit
of ¢ will then coincide with the lowest probability (0.2 in our example).

8Cfr.Proposition 2 in Palfrey and Rosentahal, op.cit., p. 176
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the set of admissible mixed strategy Nash equilibria. Concerning correlated
equilibria, we shall limit ourselves to a definition embracing the simmetric
case. A definition that would also consider the asymmetric case would be in
fact too cumbersome.

Proposition 1 In the contribution game any symmelric correlated equilib-

rium ts characterised by the following inequalities:
M -1 M—1

— M—w < c < M —w
Yo (i) T T Xam (1)

Proof.the proof is a straigthforward application of the definition of cor-

related equilibrium to the general contribution game. Any correlated equi-
librium can be characterised by a set of linear inequalities. In the case of
our contribution game and for Vi, let us consider a generic probability dis-
tribution and denote with pr(m = k|s;), k = 0,1,...... , M, the conditional
probability that the number of contributors is k, given the strategy of player
i. As we consider simmetric correlated equilibria, then pr(m = k|s;) will be
equal for Vi. Then if any player is told s; = 1, he will not deviate if :

(1—cpr(m = Mls;=1)+(1—c)prim=M—-1>w|s; =1)+ (3)
(m = M—2>wls;,=1)+..+(1—c)prim=w|s; =1) +
(m = w—1ls;,=1)—eprim=w—2]s; =1) — ... +
—cpr(m = 1<wls;=1)> (1)pr(m= M|s; =1) +
+prim = M—-1>wls;=1)4+pr(im=M—-2>w|s; =1) +
+oe + (O)pr(m = w|s; =1)
If any player 1 is told s; = 0, he will not deviate if:
prim = M—1>wls;=0)+pr(m=M—-2>wls; =0)+ (4)
teeeee+pr(m = w|s; =0) 4+ (0)pr(m = w — 1|s; = 0)
(1—c)pr(m=M-—1>w|s; =0) +
M—=2>uwls;=0)+ ... + (1 —c)pr(m =wl|s; =0) +
w—1ls; =0) —cprim =w —2|s; =0) +

+ +
geen
|
S 2
ST
= 2
3 3
v

— e —cpr(m = 1<w|s; =0)— cpr(m =0|s; = 0)

We can rewrite (1) to obtaln:

M w—1
(1—¢)> prim = k>wls;=1)—c> pr(im=k <wl|s; =0) > (5)
k—w k=1



M
S prim = k>wls;=1)
kE=w+1

and rewriting (2) we obtain:
M-1

Zpr(m = k:Zw]sizo)Z(l—c)Zpr(m:k:Zw]sizo)—l—

k=w

—cwzzpr(m = k<wls;=0) (6)

Considering together (3) and (4) and rearranging results:

pr(m=w—1|s; =0) <e< pr(m =w|s; = 1)

7
ST = ks = 0) = ST pr(m—ks =1

Now let pr (m = w — 1]s; = 0) = (ﬁ:;)/zj]\g (M. 1)and SM o (m = kls; =0) =
o' (aron)/ 5 (M Jamdpr (m = wls, = 1) = (7)) 355" () Jand
S n = Hsy = 1) = T4 () S (M) o et
PR S
- . 8
AT P R ) :

Lemma 2 In the contribution game efficient and symmetric correlated equi-
libria exist for 0 < c¢ < 1.

Proof: Just look at (7) and then notice that efficient correlated equilibria
are characterised by: pr (m =w — 1]s; =0) = 0and 3., pr (m = k|s; = 1) =
pr(m=w|s; =1) .

Lemma 3 In the contribution game convex combinations of pure strateqy
Nash equilibria are efficient correlated equilibria.

Proof: convex combinations of Nash equilibria in pure strategies are cor-
related equilibria, such that (3) reduces to (1 — ¢)pr(m = w|s; = 1) > 0
and (4) reduces to pr(m = w —1ls; = 0) > (1 — ¢)pr(m = w|s; = 0),
both are verified for 0 < ¢ < 1 .In turn these inequalities imply that
S prim=kls;=1)=pr(m=wls;=1) and pr (m=w — 1]s; =0) =0



3 A Contribution Game with Externalities
over the Threshold

What the contribution game of section two fails to consider is that the ben-
efits deriving from the public good may be increasing with the number of
contributors, even beyond the threshold: each added contribution may in-
crease either the quantity or the quality of the public good to be provided.
Let us think, for example, of fundraising for medical research or to financing
independent radio and newspapers.Funds not only are collected to keep some
institution alive but also to promote new research activities (in the medical
research case) or expand the scope of independent information provision (in
the case of radio and newspapers). One more feature of this kind of fundrais-
ing is that people are frequently informed about the total amount of funds
that are collected’. Irom this observation we derive the assumption that
people may be led to increase the amount of their contribution when observ-
ing that a lot of people are contributing'®.Of course the reverse can also be
true: people may find free riding more attractive when observing that a lot
of funds have already been collected.

3.1 Equilibrium analysis

The rules of the contribution game described in the last section may thus be
modified accordingly. Once the threshold of contributors that is necessary
to provide the public good is reached we suppose that both the consumption
benefits and the contribution amount increase with the number of contribu-
tors:

If m > w and s; = 1, i receives m(1 — ¢)

If m > w and s; = 0, i receives m

If m <w and s; = 1, i receives —c

®For example in Ttaly fundraising for medical research is provided each year through a
campaign called ”Telethon”. Funds are collected non stop for 24 hours with banks that
are kept open for this scope. During the evening and the night a television show not
only provides information about the results already achieved by medical resarch but keep
people continuosly informed about he amount of money that is beieng collected.

00Of course one could question about the rationality of this kind of behavior. Pay-off
externality may provide a useful explanation. However rational conformity of mass behav-
iour may also find an alternative foundation in the theory of informational cascades.Cfr.
Bikhchandani, Hirshleifer and Welsh, 1992,

10



If m <w and s; =0, i receives 0

Depending on the value of ¢ we can distinguish two cases: a) Joint con-
tribution by all players results in collective welfare being higher with respect
to any combination of strategies where the number of contributing players is
just w; b) Joint contribution by all players contributing to the public good
result in collective welfare being lower with respect to any combination of
strategies where the number of contributing players is just w. The cut-off
contribution amount c¢* = %g{%z discriminates betwen the two cases and is
obtained by the following inequality: M?2(1 —¢) > w?(1 —¢) + (M — w)w.
For ¢ < ¢* one can say that the spillover effects due to joint contribution
overcomes the aggregate benefits that non contributing agents derive from
free riding. For ¢ > ¢* exactly the opposite is true

Let us start equilibrium analysis again with the case in which M = 2 and
w = 1.In this case we get the following strategic form game:

2(1—¢),2(1—¢) (1—0),1
1L,(1—¢) 0,0

One can check that the equilibria of this game depend on c. For ¢ < 0.5,
to contribute is a dominant strategy for each player . For 0.5 < ¢ < 1, the
structure of the game is again that of Chicken. Thus we again have two
pure strategy Nash equilibria and a Nash equilibrium in mixed strategies
in which each player contributes with probability p = (1 — ¢)/c. In this
equilibrium the expected pay-off of players is (1 — ¢)/c. In order to reach
coordination players can play a correlated equilibrium. For example, with a
coin flip players obtain an expected payoff equal to 1 — 0.5¢, as they did in
the example of the previous section.

Concerning effciency we must compute the cut-off contribution amount
to distinguish between the two cases mentioned above. Since ¢* = %,
can further distinguish the sub-case in which ¢ < 0.5 from the sub-case in
which 0.5 < ¢ < % In the first sub-case the game has just an equilibrium in

we

dominant strategies that is Pareto efficient because of joint contribution by
all players. If 0.5 < ¢ < %,then to contributing is no longer a dominant strat-
egy, even if joint contribution continues to represent the best combination
of strategies (the first best) from the collective point of view. In this second
sub-case the resulting correlated equilibrium cannot be Pareto-efficient. As
figure 2 in fact shows, the symmetric and efficient outcome is outside the
convex hull of Nash equibrium pay-offs and thus cannot be obtained as a
correlated equilibrium. If % < ¢ < 1,joint contribution is no longer Pareto-
efficient and the efficient outcomes are again on the convex hull of Nash

11



equilibrium pay-offs, as shown in figure 3.

As for the case in which 0.5 < ¢ < % , it 1s interesting to show that players
can achieve a pay-off that is outside the convex hull of Nash equilibrium
pay-offs, by using a common random device that sends different but still
correlated signals to each one of them (Fudenberg and Tirole, 1992). Let us
consider a random device that will have three equally likely states: a, b and
c and let € be the information partition of players. For example let player
one be perfectly informed if state a occurs, while he cannot distinguish state
b from state c. Its information partition will then be the following:

0 = {(a)(d,0)}

Player two is perfectly informed if the state is ¢, but cannot distinguish
state a from state b. Then his information partition will be the following:

0y = {(a,0)(c)}

Let us suppose that players use this random device to correlate their
strategies. It is then possible to show that the following is a Nash equilibrium:
player 1 plays s; = 0, when the state is a and plays s; = 1 when the state is
b or ¢; player 2 plays s; = 0 when the state is ¢, and plays s; = 1, when the
state is a or b. One can actually check that no player will deviate from these
strategies, provided that % <c< % The following probability distribution
represents then a correlated equilibrium of the contribution game:

1/3 1/3
1/3 0

Concerning this correlated equilibrium it is worthwhile showing that not
only is the public good provided, but that each player can also average a
payoff equal to % — ¢ that is outside the convex hull of Nash equilibrium
pay-offs, though it is not Pareto efficient: the public good is provided at a
suboptimal level.

As to the generalisation of our result, we again characterise symmetric
correlated equilibria in the general contribution game and put off the discus-
sion of the efficiency issue to the next section.

Proposition 4 In the contribution game with spillover effects a symmetric
correlated equilibrium is characterised by the following inequalities:
R A ED w9 N D b wr VX 1)
Sw ki) i) T T X )t e k()

Proof: In the general contribution game with spillover effects, for Vi, if a
player is told s; = 1, he will not deviate if :

12



M —-cprim = Mls,=1)+(M—-1)(1—-¢) (9)
prim = M—-1>w|s;=1)+ (1 —¢)(M —2)
prim = M—=2>w|s;=1)+ ...... +
+(1—cwpr(m = wl|s;=1)—cprim=w—1<w|s; =1) —
—cpr(m = w—2<wls;=1)— ... —cpr(m=1ls;=1) >
> (M —1)pr(m=M|s;,=1)+ (M —2)
prim = M—-1>w|s;=1)+ ... +wpr(m=w+1>w|s; = 1)
If a player is told s; = 0, he will not deviate if :
(M —=1)pr(m = M—1>w|s; =0)+ (10)
+HM—=2)prim = M—2>w|s;=0)+ ........ +
+wpr(m = w|s; =0) + (0)pr(m =w — 1|s; =0) >
M1 —=coprim = M—-1>w|s;=0)+
(M=1)(1—=c)pr(m = M—2>w|s; =0)+......... +
+Hw+ 1)1 —c)prim = w|s; =0) +w(l —c)pr(m=w|s; =0) —
—cpr(m = w—2]s;=0)— ... —cpr(m=1]s; =0) —
—cpr(m = 0s; =0)
We can write (6) as
M w—1
S k(Q—cpr(m = kls;=1)—c> prim=k <wl|s; =1) > (11)
k=w E=1
M
> Z (k—Dpr(m=k > wl|s; =1)
k=w+1

And write (7) as:

M1
k>wls;=0)>(1—c) > (k+1Lpr(m==k>w|s; =0)l2)

kE=w—1

k <wls; =1)

13



Rearranging (8) and (9) and considering them toghether we get

( E—w— 1("5"’1)2?7"(7” k|s; = 0) — ZQ/[ 1/{:p7"(m=k:>w’si20)
(Cal (k4 Dpr(m = k|s; = 0) + ¢y pr(m = k|s; = 0)

<ec (13)

and

(pr(m =wls; =1) + Zﬁiwﬂpr(m =k>uwls;=1)

c < 7
(it prim=k <w|s; =1)+ XL, prim =k > w|s; = 1)

If we substitute for the probability values then (13) becomes:

(= D) + 2 (i)
P k(M (k+1)) + ik (MJY(;L))

IA
o

(14)

w(i ) + S k(M)
e () + 2 k()

o
IA

3.2 Incentive efficient mechanisms

The example we have presented in last section shows that even if public
good provision may not be Pareto efficient, nevertheless, with some corre-
lated equilibrium players can achieve a payoff that is outside the convex hull
of Nash equilibrium pay-offs. This result suggests that there may exist corre-
lated equilibria that represent not only a feasible mechanism for the private
provision of a public good, but also the optimal one.

Myerson (1985) has shown that the set of inequalities defining a correlated
equilibria are equivalent to the incentive compatibility constraints of an opti-
misation problem whose solution is given by an incentive efficient mechanism
that is precisely a correlated equilibrium.

Actually the contribution game we are representing is a game of complete
information with respect to the contribution amount and the value assigned
by players to the public good (adverse selection issues are excluded). But each
player is uncertain about the participation of its opponents. Before playing
the game, contribution is a hidden action from the point of view of each single
agent and thus free riding can be analysed as a moral hazard problem. The
issue is to give players the correct incentives for contribution: a social planner

14



would like them to be insured at the lowest cost against the event that the
public good is not provided at the optimal level. Thus every player should be
asked contribute in order that the externality is fully internalised. However
we cannot give them complete insurance because any player should find it
profitable to free ride trusting on the contribution of others. Any correlated
equilibrium can be seen as an optimal solution to this trade-off. We are now
interested in investigating these optimal solutions: they can be represented
by those correlated equilibria that maximise collective welfare, subject to the
incentive compatibility constraints.

We then take the view that there is a mediator sending recommendations
on how each player should play the contribution game, with the aim of max-
imising an objective function given by the sum of players’ expected utilities
and subject to a set of constraints requiring that players should not devi-
ate from the mediator recommendation. Considering our last example with
two agents, the problem of finding an incentive efficient mechanism takes the
following form:

Maz,4(1 — ¢)p11 + (2 — ¢)pra + (2 — ¢)pay
st.2(1 — ¢)pi1 + (1 — ¢)p1a > pna

Pa1 > 2(1 — c)par + (1 — ¢)pa

2(1 —c)piy + (1 — ¢)par > pun

P12 > 2(1 — ¢)pra + (1 — c)pan

P11+ P12+ pa +pre =1

P11 2 0,p12 2 0,p21 > 0,p22 > 0

The solution to this linear programming problem is a correlated equi-
librium that depends on the value of ¢. For 0 < ¢ < 0.5 the incentive
efficient mechanism is an equilibrium in dominant strategies with p;; = 1.
For 0.5 < ¢ < 0.66 any incentive efficient mechanism is a symmetric corre-
lated equilibrium! with pia = pa1, p11 > pi2 > 0, pae = 0. If we take for
example ¢ = 0.655, the incentive effcient mechanism is given by the following
correlated equilibrium distribution

0.3571 0.32124
0.32124 0

I Please, notice that even if the solution is simmetric, the incentive constraints are
equivalent to the inequalities defining a correlated equilibrium that is not necessariliy
simmetric.
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Moreover one can check that pyjdecreases with ¢ and goes to zero for ¢ =
0.67.For 0.67 < ¢ < 1, any incentive effcient mechanism can be characterised
as a correlated equilibrium with piy or pg; equal to one. If we impose sym-
metry in addition, any incentive effcient mechanism is characterised by p1o =
p21 = 0.5. Thus free riding is excluded for low values of the contribution
amount but becomes unavoidable for high values. When the contribution
amount is too high the incentive for each player to free ride on the other
player’s contribution is also very high and overcomes the benefits of joint
contribution.

The incentive effcient mechanisms of the general contribution game can
be characterised as correlated equilibria that are solutions to the following
optimisation problem:

MaxW = M?*(1—c)prim= M) +

ST M—kdprim = k>w)—

w—1
—cY kpr(m = k<w)
k—1

L (we (D) + 5t (k) w(n )+ k(3

)

Ul k() 2 (M) D Ry

f:pr(m = k)=1

. M M M
Since pT(m = M) = 1/224:0 (Mfk),pr(m = k) = (Mfk)/Zéw:O (M,k)
we can substitute in the expression of collective expected utility to get an
optimisation problem, depending on ¢ for any fixed M and w.

3.3 Coalitions

A further question concerning the private provision of public goods relates
to the incentive of small groups of people to create private institutions that
are devoted to the provision of the public good. Of course there may be
social and historical reasons that can explain this decision, but one wonders
if there may also be good economic ones. In our framework we suppose
that those agents who establish the institution for the provision of the public
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good will be entitled to decide the random device to be used to coordinate
all agents participating in the mechanism, given that other agents agree on
that. We shall not provide general results about this issue and limit ourselves
to discussing the following example.

Example 5 Let us consider the same game already presented in this section
with M = 3 andw = 2, letling player one choose row, player two choose col-
umn and player three choose the matriz (if he contributes to the public good,
3(1-¢),3(1—¢),3(1—¢) 2(1—¢),2,2(1—c)
2,2(1—1¢),2(1 —¢) 0,0,—c
2(1—¢),2(1—¢),2 —¢,0,0
0,—c¢,0 0,0,0
ficient equilibrium in dominant strategies where all players contribute. Let
us exclude this case and suppose thal % <c< % to get a Chicken game with
three Nash FEquilibria in pure strategies where w = 2 and one equilibrium
where no agents contribute. The efficient combination of strategies cannot be
an equilibrium in this case'® Lel us suppose thal players arrange to build a
correlating device with three equally likely states and all agree that the true
state will be revealed only to player one and two, while player three remains
completely uninformed about it. We are making reference again to the com-
mon random device already presented in section 3.1, which sends different
but still correlated signals to player one and two and generates the following
correlated equilibrium distribution 3 (1,1),3 (1,0),2(0,1). In this case the
strategy of contributing is always a best response for player three (as the three
state are always equally likely for him) provided that ¢ < % This asymmet-
ric coordination device can be helpful to achieve the provision of the public
good as player three always contributes to it, given his uncertainty about the
behaviour of his opponents which makes him fear thalt one of the first two
players may not contribute. One can also say that it is the commitment of the
first two players to contribute only with a certain (optimal) frequency that
forces player three to always contribute® It is interesting to make some com-
ments about individual and collective welfare, considering this last result. It

let him choose the first matriz)

One can check that if ¢ < % there 1s an ef-

121f % < ¢ < 1 the game has again three Nash Equilibria in pure strategies with w =
2 but they are also Pareto efficient and the combination of strategies with each player
contributing is inefficient.

13This can also be seen as one of the cases where one player commits himself to non
contribution in order to force contribution by the other ones as suggested by Taylor and
Ward (op.cit.) in the first analysys of the public good issue as the game of Chicken:” An
individual can commit himself by manipulating lack of information and uncertainty about
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18 easy to show that the asymmetric information between the coalition formed
by the first two player and player three creates additional advantages for the
players that are more informed. In fact their utility is higher with respect to
the utility of player three, for any value of c.But il is above all interesting
to point out that in this case collective welfare ( given by 7 — %c} not only
increases, but is also greater with respect to the collective welfare the players
could achieve with a symmetric incentive efficient mechanism. For example
if ¢ = % , the incentive efficient mechanism is represented by the following
correlated equilibrium

0.57143 0.14286

0.14286 O
0.14286 O
0 0

and thus expected collective welfare will be equal to 1.428585 while with
the coalition between the first two players it will amount to 4.16.

This example could then provide a rationale for the behavior of agents
who further private institutions devoted to the provision of public goods.
Indeed agents who are first comers will be able to choose the appropriate
mechanism to implement the provision of the public good and create an
asymmetry that could be exploited from the economic point of view. Then
one can imagine that it is this opportunity that creates the appropriate in-
centives for some agents to create the collective institution. Moreover the
example suggests that this behaviour is also worthwhile from the social point
of view.

4 Conclusions

In this paper we have found some theoretical foundations for the experimen-
tal observations concerning the impact of communication on the degree of
cooperation in public good games. This impact has been captured through
the notion of correlated equilibrium. The adoption of this solution concept
is also comsistent with the fact that players involved in experiments often
use lotteries as coordination devices. Considering correlated equilibria in the

the incentives facing him in such a way that it appears highly likely that he will find
cooperation relatively desirable”.Cfr. Taylor and Ward (op.cit), p.361.
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original public good game of Palfrey and Rosenthal we can explain how peo-
ple can attain one of the multiple pure-strategy Nash equilibria and prove
that in equilibrium the private provision of the public good is both feasible
and efficient.

Further, we introduce a modification of the original game to account for
payoff externalities persisting even after the threshold has been reached and
get a second type of public good game characterised by spillover effects.
For low values of the contribution amount, agents always find it optimal to
contribute to the public good and completly internalise the externality. For
higher values of the contribution amount this new public good game is a
game of Chicken as well, but we obtain different results concerning both the
characterisation of equilibria and efficiency. Particularly, in a given range of
the contribution values, agents must trade off the net benefit of contribution
with the net benefits of free riding. Actually in this framework we find that
free riding is equivalent to a moral hazard problem: agents cannot completely
assure each other against the event that the public good is provided at a sub-
optimal amount in order to maintain the individual incentive to contribute.
The solution to this problem is an incentive efficient mechanism in the sense of
Myerson (1985) and is equivalent to a correlated equilibrium. Playing such
an equilibrium, agents only partially internalise the externality. Moreover
for very high values of the contribution amount the collective benefits of free
riding for players that do not contribute is so high that joint contribution by
all players is no longer efficient. In this case the incentive effcient mechanism
is such that the public good is produced at the threshold level.

One further question that is connected to our results is why should agents
choose one random device rather than another as a coordination mechanism.
In this paper we do not provide a general answer to this question. Rather,
with the help of one example we point out that players could form coalitions
that are helpful in generating asymmetric information among players about
the outcome of the random device chosen for coordination. The highest
payoff obtained by players who belong to the coalition can be seen as an
economic incentive for these players to further private institutions that are
devoted to public purposes in order to fix the rules to their own advantage.
Nevertheless, with a coalition collective expected utility is also higher with
respect to the case in which agents play the symmetric correlated equilibrium
that represents the incentive efficient mechanism.

Of course our analysis is limited by the fact that we consider only the
participation issue and do not discuss the preference revelation problem. In
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economic reality adverse selection issues add to moral hazard problems in
the framework of the private provision of public goods. One should then
consider a public good game with incomplete information in order to ac-
count for the fact that the willingness to pay for a public good is not only
heterogeneous but also private information. Actually most part of the recent
literaure devoted to the private provision of public goods'* deals with ad-
verse selection issues in Bayesian games and does not consider moral hazard
problems connected to participation. We think that future research should
integrate both dimensions in the same model. Developments in the theory of
Bayesian games with communication and the generalisation of the concept of
correlated equilibrium to these same games (Forges, 1986 and Myerson,1994)
might add further insights into the feasibility and efficiency of the private
provision of public goods.
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Figure 1: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game (assuming M=2, w=1 and c=1/2)
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Figure 2: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game with externalities (assuming M=2, w=1 and ¢=0.6)
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Figure 3: The convex hull of Nash Equilibrium Pay-offs in bold face for
the contribution game with externalities (assuming M=2, w=1 and ¢=0.7)



